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Abstract
Laguerre and Laguerre-type polynomials are orthogonal polyno-
mials on the interval [0,∞) with respect to a weight function of the
form
w(x) = xαe−Q(x), Q(x) =
m∑
k=0
qkx
k, α > −1, qm > 0. (1)
The classical Laguerre polynomials correspond to Q(x) = x. The
computation of higher-order terms of the asymptotic expansions of
these polynomials for large degree becomes quite complicated, and
a full description seems to be lacking in literature. However, this
information is implicitly available in the work of Vanlessen, based
on a non-linear steepest descent analysis of an associated so-called
Riemann–Hilbert problem. We will extend this work and show how
to efficiently compute an arbitrary number of higher-order terms in
the asymptotic expansions of Laguerre and Laguerre-type polyno-
mials. This effort is similar to the case of Jacobi and Jacobi-type
polynomials in a previous paper. We supply an implementation with
explicit expansions in four different regions of the complex plane.
These expansions can also be extended to Hermite-type weights
of the form exp(−
∑m
k=0 qkx
2k) on (−∞,∞), and to general non-
polynomial functions Q(x) using contour integrals. The expansions
may be used, e.g., to compute Gauss-Laguerre quadrature rules in a
lower computational complexity than based on the recurrence rela-
tion, and with improved accuracy for large degree. They are also of
interest in random matrix theory.
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▲❛❣✉❡rr❡ ❛♥❞ ▲❛❣✉❡rr❡✲t②♣❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0,∞) ✇✐t❤ r❡s♣❡❝t
t♦ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠
w(x) = xαe−Q(x), Q(x) =
m∑
k=0
qkx
k, α > −1, qm > 0.
❚❤❡ ❝❧❛ss✐❝❛❧ ▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧s ❝♦rr❡s♣♦♥❞ t♦ Q(x) = x✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❤✐❣❤❡r✲♦r❞❡r t❡r♠s ♦❢
t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s ❢♦r ❧❛r❣❡ ❞❡❣r❡❡ ❜❡❝♦♠❡s q✉✐t❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❛♥❞ ❛ ❢✉❧❧
❞❡s❝r✐♣t✐♦♥ s❡❡♠s t♦ ❜❡ ❧❛❝❦✐♥❣ ✐♥ ❧✐t❡r❛t✉r❡✳ ❍♦✇❡✈❡r✱ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s ✐♠♣❧✐❝✐t❧② ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ✇♦r❦ ♦❢
❱❛♥❧❡ss❡♥ ❬✷✽❪✱ ❜❛s❡❞ ♦♥ ❛ ♥♦♥✲❧✐♥❡❛r st❡❡♣❡st ❞❡s❝❡♥t ❛♥❛❧②s✐s ♦❢ ❛♥ ❛ss♦❝✐❛t❡❞ s♦✲❝❛❧❧❡❞ ❘✐❡♠❛♥♥✕❍✐❧❜❡rt
♣r♦❜❧❡♠✳ ❲❡ ✇✐❧❧ ❡①t❡♥❞ t❤✐s ✇♦r❦ ❛♥❞ s❤♦✇ ❤♦✇ t♦ ❡✣❝✐❡♥t❧② ❝♦♠♣✉t❡ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ ❤✐❣❤❡r✲
♦r❞❡r t❡r♠s ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦❢ ▲❛❣✉❡rr❡ ❛♥❞ ▲❛❣✉❡rr❡✲t②♣❡ ♣♦❧②♥♦♠✐❛❧s✳ ❚❤✐s ❡✛♦rt ✐s s✐♠✐❧❛r
t♦ t❤❡ ❝❛s❡ ♦❢ ❏❛❝♦❜✐ ❛♥❞ ❏❛❝♦❜✐✲t②♣❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ ❛ ♣r❡✈✐♦✉s ♣❛♣❡r✳ ❲❡ s✉♣♣❧② ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇✐t❤
❡①♣❧✐❝✐t ❡①♣❛♥s✐♦♥s ✐♥ ❢♦✉r ❞✐✛❡r❡♥t r❡❣✐♦♥s ♦❢ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❚❤❡s❡ ❡①♣❛♥s✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ❡①t❡♥❞❡❞
t♦ ❍❡r♠✐t❡✲t②♣❡ ✇❡✐❣❤ts ♦❢ t❤❡ ❢♦r♠ exp(−∑mk=0 qkx2k) ♦♥ (−∞,∞)✱ ❛♥❞ t♦ ❣❡♥❡r❛❧ ♥♦♥✲♣♦❧②♥♦♠✐❛❧
❢✉♥❝t✐♦♥s Q(x) ✉s✐♥❣ ❝♦♥t♦✉r ✐♥t❡❣r❛❧s✳ ❚❤❡ ❡①♣❛♥s✐♦♥s ♠❛② ❜❡ ✉s❡❞✱ ❡✳❣✳✱ t♦ ❝♦♠♣✉t❡ ●❛✉ss✲▲❛❣✉❡rr❡
q✉❛❞r❛t✉r❡ r✉❧❡s ✐♥ ❛ ❧♦✇❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② t❤❛♥ ❜❛s❡❞ ♦♥ t❤❡ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥✱ ❛♥❞ ✇✐t❤
✐♠♣r♦✈❡❞ ❛❝❝✉r❛❝② ❢♦r ❧❛r❣❡ ❞❡❣r❡❡✳ ❚❤❡② ❛r❡ ❛❧s♦ ♦❢ ✐♥t❡r❡st ✐♥ r❛♥❞♦♠ ♠❛tr✐① t❤❡♦r②✳
✶ ■♥tr♦❞✉❝t✐♦♥
❲❡ ❞❡t❡r♠✐♥❡ ❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s ❛s n → ∞ ♦❢ t❤❡ ♦rt❤♦♥♦r♠❛❧ ♣♦❧②♥♦♠✐❛❧s pn(x) ♦♥ [0,∞) ✇✐t❤
♣♦s✐t✐✈❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t✱ ✇✐t❤ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥
w(x) = xαe−Q(x), Q(x) =
m∑
k=0
qkx
k, α > −1, qm > 0.
❚❤❡ ❝❧❛ss✐❝❛❧ ▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧s ❝♦rr❡s♣♦♥❞s t♦ Q(x) = x✱ ❜✉t ✇❡ ❛✐♠ t♦ ♣r♦✈✐❞❡ ❢♦r♠✉❧❛s ❛♥❞ r❡s✉❧ts ❢♦r
❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥s Q(x)✳ ❚❤❡ ❝❤♦✐❝❡ Q(x) = xm ❝♦rr❡s♣♦♥❞s t♦ s♦✲❝❛❧❧❡❞ ❋r❡✉❞✲t②♣❡ ♣♦❧②♥♦♠✐❛❧s ❬✶✼❪✳
❚❤❡ ♣r♦❝❡❞✉r❡ ✐♥ ❬✷✽❪ ❣✐✈❡s ❢♦✉r t②♣❡s ♦❢ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s✿ ✭■✮ ✐♥♥❡r ❛s②♠♣t♦t✐❝s ❢♦r x ♥❡❛r t❤❡
❜✉❧❦ ♦❢ t❤❡ ③❡r♦s ❜✉t ❛✇❛② ❢r♦♠ t❤❡ ❡①tr❡♠❡ ③❡r♦s✱ ✭■■✮ ♦✉t❡r ❛s②♠♣t♦t✐❝s ✈❛❧✐❞ ❢♦r x ❛✇❛② ❢r♦♠ t❤❡ ③❡r♦s
♦❢ pn(x)✱ ✭■■■✮ ❜♦✉♥❞❛r② ❛s②♠♣t♦t✐❝s ♥❡❛r t❤❡ s♦✲❝❛❧❧❡❞ s♦❢t ❡❞❣❡ ✈❛❧✐❞ ❢♦r x ♥❡❛r t❤❡ ❧❛r❣❡st ③❡r♦s ❛♥❞ ✭■❱✮
❜♦✉♥❞❛r② ❛s②♠♣t♦t✐❝s ♥❡❛r t❤❡ s♦✲❝❛❧❧❡❞ ❤❛r❞ ❡❞❣❡ ❢♦r x ♥❡❛r 0✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❢♦r
❛ss♦❝✐❛t❡❞ q✉❛♥t✐t✐❡s s✉❝❤ ❛s ❧❡❛❞✐♥❣ t❡r♠ ❝♦❡✣❝✐❡♥ts ❛s ✇❡❧❧ ❛s r❡❝✉rr❡♥❝❡ ❝♦❡✣❝✐❡♥ts an ❛♥❞ bn ♦❢ t❤❡ t❤r❡❡
t❡r♠ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥
bnpn+1(x) = (x− an)pn(x)− bn−1pn−1(x). ✭✶✳✶✮
✶
❚❤❡ ♠❡t❤♦❞♦❧♦❣② ♦❢ ❬✷✽❪ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♥♦♥✲❧✐♥❡❛r st❡❡♣❡st ❞❡s❝❡♥t ♠❡t❤♦❞ ❜② ❉❡✐❢t ❛♥❞ ❩❤♦✉ ❬✾❪ ❢♦r ❛
2× 2 ❘✐❡♠❛♥♥✕❍✐❧❜❡rt ♣r♦❜❧❡♠ t❤❛t ✐s ❣❡♥❡r✐❝❛❧❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❜② ❋♦❦❛s✱ ■ts ❛♥❞
❑✐t❛❡✈ ❬✶✵❪✳ ❚❤✐s ✐s ❢✉rt❤❡r ❞❡t❛✐❧❡❞ ✐♥ ➓ ✷✳✶✳ ❚❤❡ ❣❡♥❡r❛❧ str❛t❡❣② ✐s t♦ ❛♣♣❧② ❛ s❡q✉❡♥❝❡ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s
Y (z) 7→ T (z) 7→ S(z) 7→ R(z)✱ s✉❝❤ t❤❛t t❤❡ ✜♥❛❧ ♠❛tr✐①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ R(z) ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❝❧♦s❡ t♦ t❤❡
✐❞❡♥t✐t② ♠❛tr✐① ❛s n ♦r z t❡♥❞s t♦ ∞✳ ❚❤❡ ❛s②♠♣t♦t✐❝ r❡s✉❧t ❢♦r Y (z)✱ ❛♥❞ s✉❜s❡q✉❡♥t❧② ❢♦r t❤❡ ♣♦❧②♥♦♠✐❛❧s✱
✐s ♦❜t❛✐♥❡❞ ❜② ✐♥✈❡rt✐♥❣ t❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥✈♦❧✈❡ ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❜❡❤❛✈✐♦✉r
❛t ✐♥✜♥✐t②✱ t❤❡ s♦✲❝❛❧❧❡❞ ❵♦♣❡♥✐♥❣ ♦❢ ❛ ❧❡♥s✬ ❛r♦✉♥❞ t❤❡ ✐♥t❡r✈❛❧ ♦❢ ♦rt❤♦❣♦♥❛❧✐t②✱ ❛♥❞ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢
❧♦❝❛❧ ♣❛r❛♠❡tr✐❝❡s ✐♥ ❞✐s❦s ❛r♦✉♥❞ s♣❡❝✐❛❧ ♣♦✐♥ts ❧✐❦❡ ❡♥❞♣♦✐♥ts✱ ✇❤✐❝❤ ❛r❡ ♠❛t❝❤❡❞ t♦ ❣❧♦❜❛❧ ♣❛r❛♠❡tr✐❝❡s
❡❧s❡✇❤❡r❡ ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❚❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s s♣❧✐t C ✐♥t♦ ❞✐✛❡r❡♥t r❡❣✐♦♥s✱ ✇❤❡r❡ ❞✐✛❡r❡♥t ❢♦r♠✉❧❛s
❢♦r t❤❡ ❛s②♠♣t♦t✐❝s ❛r❡ ✈❛❧✐❞✳
■♥ ♦✉r ❝❛s❡ ♦❢ ▲❛❣✉❡rr❡✲t②♣❡ ♣♦❧②♥♦♠✐❛❧s✱ ♦♥❡ ❛❧s♦ ✜rst ♥❡❡❞s ❛♥ n✲❞❡♣❡♥❞❡♥t r❡s❝❛❧✐♥❣ ♦❢ t❤❡ x ❛①✐s
✉s✐♥❣ t❤❡ s♦✲❝❛❧❧❡❞ ▼❘❙ ♥✉♠❜❡rs ✭❞❡✜♥❡❞ ❢✉rt❤❡r ♦♥ ✐♥ t❤✐s ♣❛♣❡r✮✳ ❆❢t❡r t❤✐s st❡♣ t❤❡ r♦♦ts ♦❢ t❤❡ r❡s❝❛❧❡❞
♣♦❧②♥♦♠✐❛❧s ❛❝❝✉♠✉❧❛t❡ ✐♥ ❛ ✜①❡❞ ❛♥❞ ✜♥✐t❡ ✐♥t❡r✈❛❧✳ ❲❡ ♣r♦✈✐❞❡ ❛♥ ❛❧❣♦r✐t❤♠ t♦ ♦❜t❛✐♥ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r
♦❢ t❡r♠s ✐♥ t❤❡ ❡①♣❛♥s✐♦♥s✱ ✇❤❡r❡ ✇❡ s❡t ✉♣ s❡r✐❡s ❡①♣❛♥s✐♦♥s ✉s✐♥❣ ♠❛♥② ❝♦♥✈♦❧✉t✐♦♥s t❤❛t ❢♦❧❧♦✇ t❤❡ ❝❤❛✐♥ ♦❢
tr❛♥s❢♦r♠❛t✐♦♥s ❛♥❞ t❤❡✐r ✐♥✈❡rs❡s ✐♥ t❤✐s st❡❡♣❡st ❞❡s❝❡♥t ♠❡t❤♦❞✳ ❲❤✐❧❡ ❞♦✐♥❣ t❤✐s✱ ✇❡ ❦❡❡♣ ❝♦♠♣✉t❛t✐♦♥❛❧
❡✣❝✐❡♥❝② ✐♥ ♠✐♥❞✱ ❛s ✇❡❧❧ ❛s t❤❡ ✉s❡ ♦❢ t❤❡ ❝♦rr❡❝t ❜r❛♥❝❤ ❝✉ts ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳
❚❤❡ str❛t❡❣② ♦✉t❧✐♥❡❞ ❛❜♦✈❡ ❛♥❞ ✐♥ ➓ ✷✳✶ ✇❛s ❛❧s♦ ❢♦❧❧♦✇❡❞ ✐♥ ♦✉r ❡❛r❧✐❡r ❛rt✐❝❧❡ ❛❜♦✉t ❛s②♠♣t♦t✐❝ ❡①♣❛♥✲
s✐♦♥s ♦❢ ❏❛❝♦❜✐✕t②♣❡ ♣♦❧②♥♦♠✐❛❧s ❬✻❪✱ ✇❤✐❝❤ ✇❛s ❜❛s❡❞ ♦♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❑✉✐❥❧❛❛rs ❡t ❛❧ ✐♥ ❬✶✻❪✳
❍❡r❡✱ ✇❡ ❜❛s❡ ♦✉r r❡s✉❧ts ♦♥ t❤❡ ❛♥❛❧②s✐s ✐♥ t❤❡ ✇♦r❦ ♦❢ ❱❛♥❧❡ss❡♥ ❬✷✽❪✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡s ✐♥ t❤✐s ♣❛♣❡r
❝♦♠♣❛r❡❞ t♦ ❬✻❪ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿
• ❚❤❡ ❛♥❛❧②s✐s ♦❢ ▲❛❣✉❡rr❡✲t②♣❡ ♣♦❧②♥♦♠✐❛❧s ♦♥ t❤❡ ❤❛❧✢✐♥❡ [0,∞) ❤❛s ❛♥ ❡①tr❛ st❡♣ t❤❛t ✐♥✈♦❧✈❡s ❛
r❡s❝❛❧✐♥❣ ✈✐❛ t❤❡ ▼❘❙ ♥✉♠❜❡rs βn ✭s❡❡ ➓ ✸✮✳ ❚❤✐s ❧❡❛❞s t♦ ❢r❛❝t✐♦♥❛❧ ♣♦✇❡rs ♦❢ n ✐♥ t❤❡ ❡①♣❛♥s✐♦♥s✳
• ❚❤❡r❡ ✐s ❛❧s♦ ❛ ♥❡✇ ❜❡❤❛✈✐♦✉r ♥❡❛r t❤❡ ❧❛r❣❡st ③❡r♦ ✭♦❢t❡♥ r❡❢❡rr❡❞ t♦ ❛s ❛ s♦❢t ❡❞❣❡✮✱ ❝❛♣t✉r❡❞ ❜② t❤❡
❆✐r② ❢✉♥❝t✐♦♥✳ ❚❤✐s ❧❡❛❞s t♦ ❤✐❣❤❡r ♦r❞❡r ♣♦❧❡s ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥s ❛♥❞ t❤✉s ❛❧s♦ t♦ ❧♦♥❣❡r ❢♦r♠✉❧❛s ❢♦r
t❤❡ ❤✐❣❤❡r ♦r❞❡r t❡r♠s ✐♥ t❤❡ ❡①♣❛♥s✐♦♥s✳ ❚❤❡ ❜❡❤❛✈✐♦✉r ♥❡❛r t❤❡ ❤❛r❞ ❡❞❣❡ ❛t x = 0 ✐♥✈♦❧✈❡s ❇❡ss❡❧
❢✉♥❝t✐♦♥s✱ ❧✐❦❡ ✐♥ t❤❡ ❏❛❝♦❜✐ ❝❛s❡ ♥❡❛r t❤❡ ❡♥❞♣♦✐♥ts ±1✳
• ❲❡ ♦❜t❛✐♥ ♠♦r❡ ❡①♣❧✐❝✐t r❡s✉❧ts ❢♦r ♣♦❧②♥♦♠✐❛❧s Q(x)✳ ❲❡ ✇✐❧❧ ❢r❡q✉❡♥t❧② ❞✐st✐♥❣✉✐s❤ ✐♥ t❤✐s ♣❛♣❡r
❜❡t✇❡❡♥ t❤r❡❡ ❝❛s❡s✿ ♠♦♥♦♠✐❛❧ Q✱ ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q ❛♥❞ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ Q✳
❆s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❝❛♥ ❜❡ ✉s❡❢✉❧ ✐♥ ❝♦♠♣✉t❛t✐♦♥s ❢♦r s❡✈❡r❛❧ r❡❛s♦♥s✳ ❚❤❡ ✉s❡ ♦❢ t❤❡ r❡❝✉rr❡♥❝❡
r❡❧❛t✐♦♥ ✭✶✳✶✮ ✐♥ ❛♣♣❧✐❝❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧s r❡s✉❧ts ✐♥ ❛❝❝✉♠✉❧❛t✐♥❣ r♦✉♥❞♦✛ ❡rr♦rs ❛♥❞ ❛
❝♦♠♣✉t❛t✐♦♥ t✐♠❡ t❤❛t ✐s ❧✐♥❡❛r ✐♥ n✳ ■♥ ❝♦♥tr❛st✱ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❜❡❝♦♠❡ ✐♥❝r❡❛s✐♥❣❧② ❛❝❝✉r❛t❡ ❛s t❤❡
❞❡❣r❡❡ n ❜❡❝♦♠❡s ❧❛r❣❡✱ ❛♥❞ t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡ ✐s ❡ss❡♥t✐❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✳ ❆♥♦t❤❡r ♠♦t✐✈❛t✐♦♥ ✐s t❤❡
♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r ▲❛❣✉❡rr❡ ❡♥s❡♠❜❧❡s ♦❢ r❛♥❞♦♠ ♠❛tr✐❝❡s ❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❬✷✽❪ ❛♥❞ st✉❞✐❡❞ ✐♥ ❬✷✾❪✳ ❚❤✐s
❣✐✈❡s t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣r♦❞✉❝ts ♦❢ r❛♥❞♦♠ ♠❛tr✐❝❡s ♦❢ ❛ ❝❡rt❛✐♥ t②♣❡✱ ✇❤✐❝❤ ❝♦✉❧❞ ❢♦r ❡①❛♠♣❧❡
❛r✐s❡ ✐♥ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✭▼❛r❦♦✈ ❝❤❛✐♥s✮ ♦r q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✳
■♥ t❤✐s r❡❢❡r❡♥❝❡✱ s♦♠❡ ❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠s ❛r❡ ❣✐✈❡♥ ❡①♣❧✐❝✐t❧②✱ ❛♥❞ ✇❡ ❞❡t❛✐❧ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❤✐❣❤❡r✲♦r❞❡r
t❡r♠s✳ ❚❤❡ ❛♥❛❧②s✐s ♦♥❧② r❡q✉✐r❡s ❡❧❡♠❡♥t❛r② ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s✿ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ❢♦r t❤❡
❡✈❛❧✉❛t✐♦♥ ♦❢ s♣❡❝✐❛❧ ❢✉♥❝t✐♦♥s ❜❡s✐❞❡s t❤❡ ❆✐r② ❛♥❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❢♦r♠✉❧❛s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❙❛❣❡
❛♥❞ ▼❛t❧❛❜ ❛♥❞ ❛r❡ ❛✈❛✐❧❛❜❧❡ ♦♥ t❤❡ s♦❢t✇❛r❡ ✇❡❜ ♣❛❣❡ ♦❢ ♦✉r r❡s❡❛r❝❤ ❣r♦✉♣ ❬✷✶❪✳
❚❤❡ ❡①♣r❡ss✐♦♥s ❛r❡ ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❈❤❡❜❢✉♥ ♣❛❝❦❛❣❡ ✐♥ ▼❛t❧❛❜ ❢♦r ❝♦♠♣✉t✐♥❣ ✇✐t❤ ❢✉♥❝t✐♦♥s
✭s❡❡ ❬✷✹✱ ❧❛❣♣ts✳♠❪✮ ❛♥❞ ✐♥t♦ t❤❡ ❏✉❧✐❛ ♣❛❝❦❛❣❡ ❋❛st●❛✉ss◗✉❛❞r❛t✉r❡ ❬✷✺✱ ❣❛✉ss❧❛❣✉❡rr❡✳❥❧❪✱ ✐♥ ❜♦t❤ ❝❛s❡s
❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ❝♦♥str✉❝t✐♥❣ ●❛✉ss✲▲❛❣✉❡rr❡ q✉❛❞r❛t✉r❡ r✉❧❡s ✇✐t❤ ❛ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ ❧✐♥❡❛r
❝♦♠♣❧❡①✐t②✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❝♦♠♣❛r❛❜❧❡ t♦ ❛ ♥✉♠❜❡r ♦❢ ♠♦❞❡r♥ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♦t❤❡r t②♣❡s ♦❢
●❛✉ss✐❛♥ q✉❛❞r❛t✉r❡✱ t❤❛t ❛r❡ ♦❢t❡♥ ❜❛s❡❞ ♦♥ ❛s②♠♣t♦t✐❝s ❛♥❞ t❤❛t ❧❡❛❞ t♦ ❛ ❧✐♥❡❛r ❝♦♠♣❧❡①✐t② ❛s ✇❡❧❧ ❬✶✷✱
✷✱ ✶✹✱ ✶❪✳ ❆ r❡❝❡♥t ♣❛♣❡r ❬✹❪ ❛❝❤✐❡✈❡s ❝♦♠♣❡t✐t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥ ❛ ❣❡♥❡r❛❧ ✇❛② ✈✐❛ ♥♦♥♦s❝✐❧❧❛t♦r② ♣❤❛s❡
❢✉♥❝t✐♦♥s✳ P♦t❡♥t✐❛❧ ✐♠♣r♦✈❡♠❡♥ts t♦ ♦✉r ❝♦❞❡ ✐♥ ❧✐❣❤t ♦❢ t❤✐s r❡s✉❧t ❛♥❞ ❛ ♠♦r❡ t❤♦r♦✉❣❤ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡
❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ●❛✉ss✐❛♥ q✉❛❞r❛t✉r❡ r✉❧❡s ❛r❡ ❢✉t✉r❡ r❡s❡❛r❝❤ t♦♣✐❝s✳ ❲❡ ❞♦ r❡♠❛r❦
❤❡r❡ t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ●❛✉ss✐❛♥ q✉❛❞r❛t✉r❡ r✉❧❡s r❡q✉✐r❡s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ♦rt❤♦♥♦r♠❛❧
▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ♣♦s✐t✐✈❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t✳ ❚❤✐s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ♦✉r ❡①♣❛♥s✐♦♥s ❛♥❞ t❤❡
✷
✐❞❡♥t✐t② dp
(α)
n (x)/dx =
√
np
(α+1)
n−1 (x)✱ ❞❡r✐✈❡❞ ❢r♦♠ ❬✶✾✱ ✶✽✳✾✳✷✸❪✳ ❆❧t❤♦✉❣❤ t❡❝❤♥✐❝❛❧✱ t❤❡ ❡①♣❛♥s✐♦♥s ❝❛♥
r❡❛❞✐❧② ❜❡ ❞✐✛❡r❡♥t✐❛t❡❞ ❢♦r ❣❡♥❡r❛❧ Q(x)✳ ❚❤✐s ♣❛♣❡r ❛✣r♠❛t✐✈❡❧② ❛♥s✇❡rs t❤❡ q✉❡st✐♦♥s r❛✐s❡❞ ✐♥ t❤❡
❝♦♥❝❧✉s✐♦♥s ♦❢ ❬✷✻❪✱ ♥❛♠❡❧② ✇❤❡t❤❡r t❤❡ ❘❍ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❢❛st ❝♦♠♣✉t❛t✐♦♥ ♦❢ q✉❛❞r❛t✉r❡
r✉❧❡s ✇✐t❤ ❣❡♥❡r❛❧✐③❡❞ ▲❛❣✉❡rr❡ ✇❡✐❣❤ts ✭❢♦r t❤❡ ❏❛❝♦❜✐ ❝❛s❡✱ s❡❡ ❬✻❪✮✱ ❛♥❞ ✇❤❡t❤❡r ❤✐❣❤❡r ♦r❞❡r ❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❡✛❡❝t✐✈❡❧②✳
❆s ♠❡♥t✐♦♥❡❞✱ t❤❡ st❛♥❞❛r❞ ▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧s ❝♦rr❡s♣♦♥❞ t♦ Q(x) = x✱ ♦r ❡q✉✐✈❛❧❡♥t❧② qk ≡ 0✱
∀k 6= 1✱ ❛♥❞ q1 = 1✳ ❋♦r t❤✐s ❝❛s❡✱ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ❬✺❪ ✇✐t❤ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ✜rst
t❡r♠s✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✷✸✱ ✶✽❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ♠♦r❡ r❡s✉❧ts ♦♥ ❛s②♠♣t♦t✐❝s ❢♦r t❤❡ st❛♥❞❛r❞
▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧s✳ ❆ r❡❝❡♥t s❝❤❡♠❡ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ ▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❛♥② ❞❡❣r❡❡
✐s ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✶❪✳
❆s ❛♥ ❡①❛♠♣❧❡✱ t❤❡ t②♣❡ ♦❢ ❡①♣❛♥s✐♦♥s ✐♥ t❤✐s ♣❛♣❡r ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✳ ❋♦r t❤❡ ♠♦♥✐❝ ▲❛❣✉❡rr❡
♣♦❧②♥♦♠✐❛❧ πn ♦❢ ❞❡❣r❡❡ n✱ ✇❡ ♦❜t❛✐♥✿
πn(x) = pn(4nz) =
(4n)nen(2z−1−2 log(2))
z1/4(1− z)1/4zα/2
(
1
0
)T
Router(z)(
2−α cos(arccos(2z − 1)[1/2 + α/2]− n[2√(z)√1− z − 2 arccos(√z)]− π/4)
−i2α cos(arccos(2z − 1)[α/2− 1/2]− n[2
√
(z)
√
1− z − 2 arccos(√z)]− π/4)
)
.
❚❤✐s ✐s ❡①♣r❡ss✐♦♥ ✭✹✳✶✮ ♦❢ t❤❡ ♣❛♣❡r✱ s♣❡❝✐✜❡❞ t♦ t❤❡ st❛♥❞❛r❞ ❛ss♦❝✐❛t❡❞ ▲❛❣✉❡rr❡ ✇❡✐❣❤t w(x) = xαe−x✳ ■t ✐s
✈❛❧✐❞ ❢♦r x ∈ (0, 4n)✱ ✇❤❡r❡ x ✐s r❡❧❛t❡❞ t♦ z t❤r♦✉❣❤ t❤❡ ▼❘❙ ♥✉♠❜❡r βn = 4n✱ ✐✳❡✳✱ x = 4nz✳ ❚❤❡ ❡①♣❛♥s✐♦♥
✐ts❡❧❢ ❢♦❧❧♦✇s ❢r♦♠ s✉❜st✐t✉t✐♥❣ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ 2× 2 ♠❛tr✐① ❢✉♥❝t✐♦♥ Router(z)✳ ❚❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r t❡r♠
✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① Router(z) = I✱ ❛♥❞ ❢✉rt❤❡r t❡r♠s ❛r❡ ❧✐st❡❞ ❡①♣❧✐❝✐t❧② ✐♥ ❆♣♣❡♥❞✐① ❆✳ ❲❡
♣r♦✈✐❞❡ ❢♦r♠✉❧❛s ❛♥❞ t❤❡✐r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ t❡r♠s ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s✱
❛♥❞ ❝♦♠♣✉t❡ ✉♣ t♦ 50 t❡r♠s ✐♥ 32 s❡❝♦♥❞s ♦♥ t❤❡ ❛r❝❤✐t❡❝t✉r❡ ♠❡♥t✐♦♥❡❞ ✐♥ ➓ ✼✳✹✳
❚❤❡s❡ ❢♦r♠✉❧❛s ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ ♦❜t❛✐♥ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦❢ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤
❍❡r♠✐t❡✲t②♣❡ ✇❡✐❣❤ts ♦❢ t❤❡ ❢♦r♠ exp(−∑mk=0 qkx2k) ♦♥ (−∞,∞)✳ ■♥ ➓ ✼✳✷✱ ✇❡ s❤♦✇ t❤❛t t❤❡② ❝❛♥ ❜❡ ❣✐✈❡♥
✐♥ t❡r♠s ♦❢ ❛s②♠♣t♦t✐❝s ♦❢ ▲❛❣✉❡rr❡✲t②♣❡ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ α = ±1/2✱ ❡✈❛❧✉❛t❡❞ ✐♥ x2✳
❲❡ ❛✐♠ ❢♦r ❛ ❣❡♥❡r❛❧ ♥♦♥✲♣♦❧②♥♦♠✐❛❧ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ Q(x)✱ t❤♦✉❣❤ ♦✉r r❡s✉❧ts ✐♥ t❤✐s ❝❛s❡ ❛r❡ t❤✉s ❢❛r ♥♦t
r✐❣♦r♦✉s❧② ✈❛❧✐❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞♦ ♥♦t ♣r♦✈✐❞❡ ❡st✐♠❛t❡s ❢♦r t❤❡ r❡♠❛✐♥❞❡r t❡r♠✳ ❲❡ ❞♦ ♣r♦✈✐❞❡ ♥✉♠❡r✐❝❛❧
✐♥❞✐❝❛t✐♦♥s t❤❛t t❤❡ ❡①♣❛♥s✐♦♥s ❝♦♥✈❡r❣❡ ❛t t❤❡ ❡①♣❡❝t❡❞ r❛t❡ ❢♦r ✐♥❝r❡❛s✐♥❣ n✳ ■♥s♣✐r❡❞ ❜② t❤❡ r❡q✉✐r❡♠❡♥ts
❢♦r t❤❡ ❏❛❝♦❜✐ ❝❛s❡ ❬✻❪ ❛♥❞ t❤❡ t❡❝❤♥✐❝❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ Q(x) ✐♥ ❬✶✼✱ ➓✶❪✱ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ ❡①♣❛♥s✐♦♥s ✐♥
t❤✐s ♣❛♣❡r ❛r❡ ✈❛❧✐❞ ❛s ❧♦♥❣ ❛s Q(x) ✐s ❛♥❛❧②t✐❝ ✇✐t❤✐♥ t❤❡ ❝♦♥t♦✉rs ❞❡✜♥❡❞ ❢✉rt❤❡r ♦♥ ❛♥❞ Q(x) ❣r♦✇s ❢❛st❡r
t❤❛♥ ♣♦✇❡rs ♦❢ log(x) ❢♦r x→∞✳
❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ➓ ✷✱ ✇❡ ❝♦♥♥❡❝t t❤❡ ❘✐❡♠❛♥♥✲❍✐❧❜❡rt ♣r♦❜❧❡♠ ❢♦r ♦rt❤♦❣♦♥❛❧
♣♦❧②♥♦♠✐❛❧s t❤❛t ✐s ❛♥❛❧②③❡❞ ✐♥ ❬✷✽❪ ✇✐t❤ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ❛ 2 × 2 ♠❛tr✐①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ R ❛♥❞ ✐♥tr♦❞✉❝❡
s♦♠❡ ♥♦t❛t✐♦♥✳ ❲❡ ❞❡t❛✐❧ t❤❡ ▼❤❛s❦❛r✲❘❛❦❤♠❛♥♦✈✲❙❛✛ ✭▼❘❙✮ ♥✉♠❜❡rs βn ❛♥❞ t❤❡✐r ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s
❢♦r ❧❛r❣❡ n ✐♥ ➓✸✳ ❚❤❡ ❢♦r♠✉❧❛s ❢♦r t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ t❤❡ ❞✐✛❡r❡♥t r❡❣✐♦♥s ♦❢
t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ ❛r❡ st❛t❡❞ ✐♥ ➓✹✳ ❲❡ ❡①♣❧❛✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❤✐❣❤❡r ♦r❞❡r t❡r♠s ♦❢ R ✐♥ ➓✺ ❛♥❞ ♣r♦✈✐❞❡
❛ ♥♦♥✲r❡❝✉rs✐✈❡ ❞❡✜♥✐t✐♦♥ ❢♦r R✳ ❉❡t❛✐❧s ♦♥ ♦❜t❛✐♥✐♥❣ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r ❤✐❣❤❡r ♦r❞❡r t❡r♠s ❛r❡ ♣r♦✈✐❞❡❞
✐♥ ➓✻✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣❛♣❡r ✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ ❡①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✐♥ ➓✼✳
✷ ❆s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❢♦r ▲❛❣✉❡rr❡✕t②♣❡ ♣♦❧②♥♦♠✐❛❧s
❚❤❡ ❧❛r❣❡st r♦♦t ♦❢ ❛ ▲❛❣✉❡rr❡✲t②♣❡ ♣♦❧②♥♦♠✐❛❧ pn(x) ❣r♦✇s ✇✐t❤ t❤❡ ❞❡❣r❡❡ n✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ❛s②♠♣t♦t✐❝❛❧❧②
❜❡❤❛✈❡s ❛s 4n+2α+2+22/3a1(4n+2α+2)
1/3 ❢♦r t❤❡ st❛♥❞❛r❞ ❛ss♦❝✐❛t❡❞ ▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧s✱ ✇✐t❤ a1 t❤❡
✭♥❡❣❛t✐✈❡✮ ③❡r♦ ♦❢ t❤❡ ❆✐r② ❢✉♥❝t✐♦♥ ❝❧♦s❡st t♦ ③❡r♦✱ s❡❡ ❬✶✾✱ ✷✵✱ ✭✶✽✳✶✻✳✶✹✮❪ ❛♥❞ ❬✷✷✱ ✭✻✳✸✷✳✹✮❪✳ ❚❤❡ ✜rst st❡♣ ✐♥
t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝s ✐s t♦ r❡s❝❛❧❡ t❤❡ ♣♦❧②♥♦♠✐❛❧s✱ s✉❝❤ t❤❛t t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ③❡r♦✲❝♦✉♥t✐♥❣
♠❡❛s✉r❡ ♠❛♣s t♦ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳ ❚❤❡ s❝❛❧✐♥❣ ✐s ❧✐♥❡❛r ❜✉t n✲❞❡♣❡♥❞❡♥t ❛♥❞ ❣✐✈❡♥ ❜②
x = βnz, ✭✷✳✶✮
✇❤❡r❡ βn ✐s t❤❡ ▼❤❛s❦❛r✲❘❛❦❤♠❛♥♦✈✲❙❛✛ ✭▼❘❙✮ ♥✉♠❜❡r ❬✶✼❪ ❞❡✜♥❡❞ ❢✉rt❤❡r ♦♥ ✐♥ ✭✸✳✶✮✳
✸
■♠✭③✮
❘❡✭③✮
✵
✰✶
■
■■
■■■■❱
❋✐❣✉r❡ ✶✿ ❘❡❣✐♦♥s ♦❢ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ ✐♥ ✇❤✐❝❤ t❤❡ ♣♦❧②♥♦♠✐❛❧s ❤❛✈❡ ❞✐✛❡r❡♥t ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s✱ ❛❢t❡r
r❡s❝❛❧✐♥❣ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ③❡r♦✲❝♦✉♥t✐♥❣ ♠❡❛s✉r❡ t♦ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✿ t❤❡ ❧❡♥s ✭■✱ ❛ ❝♦♠♣❧❡① ♥❡✐❣❤❜♦✉r❤♦♦❞
♦❢ t❤❡ ✐♥t❡r✈❛❧ (0, 1) ❡①❝❧✉❞✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts✮✱ t❤❡ ♦✉t❡r r❡❣✐♦♥ ✭■■✱ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✮ ❛♥❞
t❤❡ r✐❣❤t ❛♥❞ ❧❡❢t ❞✐s❦s ✭■■■ ❛♥❞ ■❱✱ t✇♦ ❞✐s❦s ❛r♦✉♥❞ t❤❡ ❡♥❞♣♦✐♥ts 0 ❛♥❞ 1✮✳
❚❤❡r❡ ✐s ❛ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ s❡✈❡r❛❧ r❡❣✐♦♥s ✐♥ t❤❡ ❝♦♠♣❧❡① z✲♣❧❛♥❡✱ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✿
• ❛ ❝♦♠♣❧❡① ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ✐♥t❡r✈❛❧ (0, 1) ❡①❝❧✉❞✐♥❣ t❤❡ ❡♥❞♣♦✐♥ts✱ s✉❜s❡q✉❡♥t❧② ❝❛❧❧❡❞ t❤❡ ❵❧❡♥s✬
✭r❡❣✐♦♥ ■✮
• t✇♦ ❞✐s❦s ❛r♦✉♥❞ t❤❡ ❡♥❞♣♦✐♥ts 1 ❛♥❞ 0✱ ❝❛❧❧❡❞ t❤❡ r✐❣❤t ❛♥❞ ❧❡❢t ❞✐s❦ ✭r❡❣✐♦♥s ■■■ ❛♥❞ ■❱✮
• ❛♥❞ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✱ t❤❡ ❵♦✉t❡r r❡❣✐♦♥✬ ✭r❡❣✐♦♥ ■■✮✳
✷✳✶ ❘✐❡♠❛♥♥✕❍✐❧❜❡rt ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ st❡❡♣❡st ❞❡s❝❡♥t ❛♥❛❧②s✐s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② s✉♠♠❛r✐③❡ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥ ✐♥ ❬✷✽❪✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥
t❤❡ ❘✐❡♠❛♥♥✕❍✐❧❜❡rt ❢♦r♠✉❧❛t✐♦♥ ❢♦r ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❬✶✵❪✿ ✇❡ s❡❡❦ ❛ 2 × 2 ❝♦♠♣❧❡① ♠❛tr✐①✲✈❛❧✉❡❞
❢✉♥❝t✐♦♥ Y (z) t❤❛t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❘✐❡♠❛♥♥✕❍✐❧❜❡rt ♣r♦❜❧❡♠ ✭❘❍P✮✱ ❝❢✳ ❬✷✽✱ ➓✸❪✿
✭❛✮ Y ✿ C \ [0,∞)→ C2×2 ✐s ❛♥❛❧②t✐❝✳
✭❜✮ Y (z) ❤❛s ❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❛r② ✈❛❧✉❡s Y±(x)✱ ✇❤❡♥ ❣♦✐♥❣ ❢r♦♠ t❤❡ ✉♣♣❡r ❤❛❧❢✲♣❧❛♥❡ t❤r♦✉❣❤ t❤❡ ✐♥t❡r✈❛❧
(0,∞) t♦ t❤❡ ❧♦✇❡r ❤❛❧❢✲♣❧❛♥❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ❜♦✉♥❞❛r② ✈❛❧✉❡s ❛r❡ r❡❧❛t❡❞ ✈✐❛ ❛ ❥✉♠♣ ♠❛tr✐①✿
Y+(x) = Y−(x)
(
1 xαe−Q(x)
0 1
)
, x ∈ (0,∞).
✭❝✮ Y (z)
(
z−n 0
0 zn
)
= I +O (1z ) , z →∞✳
✭❞✮ ❚❤❡ ❜❡❤❛✈✐♦✉r ❛s z → 0 ✐s ❛❧s♦ s♣❡❝✐✜❡❞✱ s❡❡ ❬✷✽✱ ✭✸✳✸✮❪✳
■t ✐s ♣r♦✈❡❞ ✐♥ ❬✶✵✱ ✶✺❪✱ t❤❛t t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❘✐❡♠❛♥♥✕❍✐❧❜❡rt ♣r♦❜❧❡♠ ✐s
Y (z) =
(
pn(z)/γn
1
2πiγn
∫∞
0
pn(x)w(x)
x−z dx
−2πiγn−1pn−1(z) −γn−1
∫∞
0
pn−1(x)w(x)
x−z dx
)
.
✹
❍❡r❡✱ t❤❡ Y11 ❡♥tr② ✐s t❤❡ ♠♦♥✐❝ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧✳ ❚❤❡ Y21 ❡♥tr② r❡❧❛t❡s t♦ t❤❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡
n− 1✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥ ❝♦♥t❛✐♥s t❤❡ ❈❛✉❝❤② tr❛♥s❢♦r♠s ♦❢ ❜♦t❤ ♦❢ t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s✳ ◆♦t❡ t❤❛t t❤❡
✇❡✐❣❤t ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s ❡♥t❡rs t❤r♦✉❣❤ t❤❡ ❥✉♠♣ ❝♦♥❞✐t✐♦♥ ✐♥ ✭❜✮✳
■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❧❛r❣❡ n ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ pn(x)✱ t❤❡ ❘✐❡♠❛♥♥✕❍✐❧❜❡rt ❢♦r♠✉❧❛t✐♦♥ ✐s ❝♦♠❜✐♥❡❞
✇✐t❤ t❤❡ ❉❡✐❢t✕❩❤♦✉ st❡❡♣❡st ❞❡s❝❡♥t ♠❡t❤♦❞ ❢♦r ❘✐❡♠❛♥♥✕❍✐❧❜❡rt ♣r♦❜❧❡♠s ❬✽✱ ✾❪✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ st❡❡♣❡st
❞❡s❝❡♥t ❛♥❛❧②s✐s ♣r❡s❡♥t❡❞ ✐♥ ❬✷✽❪ ❝♦♥s✐sts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✭❡①♣❧✐❝✐t ❛♥❞ ✐♥✈❡rt✐❜❧❡✮ tr❛♥s❢♦r♠❛t✐♦♥s✿
Y (z) 7→ T (z) 7→ S(z) 7→ R(z).
❚❤❡s❡ st❡♣s ❤❛✈❡ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ✐♥t❡r♣r❡t❛t✐♦♥✿
• ❚❤❡ ✜rst st❡♣ ✐s ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❛t ✐♥✜♥✐t②✱ s✉❝❤ t❤❛t
T (z) = I +O(1/z), z →∞.
❚❤✐s st❡♣ ❝♦♠❡s ❛t t❤❡ ❝♦st ♦❢ ✐♥tr♦❞✉❝✐♥❣ r❛♣✐❞❧② ♦s❝✐❧❧❛t✐♥❣ ❡♥tr✐❡s ✐♥ t❤❡ ♥❡✇ ❥✉♠♣ ♠❛tr✐① ❢♦r t❤❡
❘✐❡♠❛♥♥✲❍✐❧❜❡rt ♣r♦❜❧❡♠ ❢♦r T ✳
• ❚❤❡ s❡❝♦♥❞ st❡♣ ✐s t❤❡ ♦♣❡♥✐♥❣ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ❧❡♥s ❛r♦✉♥❞ [0, 1]✿ ✐t ❢❛❝t♦r✐③❡s t❤❡ ♣r❡✈✐♦✉s ❥✉♠♣ ♠❛tr✐①
s✉❝❤ t❤❛t S(z) = T (z) ♦✉ts✐❞❡ ♦❢ t❤❡ ❧❡♥s ✐♥ ❋✐❣✉r❡ ✶✱ ✇❤✐❧❡ S(z) ✐s ❡①♣♦♥❡♥t✐❛❧❧② ❝❧♦s❡ t♦ T (z) ✐♥ n ✐♥
t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ♣❛rt ♦❢ t❤❡ ❧❡♥s✳ ❚❤❡ s❤❛♣❡ ♦❢ t❤❡ ❧❡♥s ✐s s✉❝❤ t❤❛t t❤❡ ♦s❝✐❧❧❛t✐♥❣ ❡♥tr✐❡s ♦♥ t❤❡
❞✐❛❣♦♥❛❧ ✐♥ t❤❡ ❥✉♠♣ ♠❛tr✐① ❛r❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❡①♣♦♥❡♥t✐❛❧❧② ❞❡❝❛②✐♥❣ ♦✛✲❞✐❛❣♦♥❛❧ ❡♥tr✐❡s✳
• ❋✐♥❛❧❧②✱ t❤❡ ❧❛st tr❛♥s❢♦r♠❛t✐♦♥ S(z) 7→ R(z) ❣✐✈❡s r✐s❡ t♦ t❤❡ ❞✐s❦s ✐♥ ❋✐❣✉r❡ ✶ ❛♥❞ ✐s ❞❡✜♥❡❞ ❛s
R(z) = S(z)


Pn(z)
−1, ❢♦r ③ ❝❧♦s❡ t♦ 1,
P˜n(z)
−1, ❢♦r ③ ❝❧♦s❡ t♦ 0,
P (∞)(z)−1, ❡❧s❡✇❤❡r❡✳
✭✷✳✷✮
❍❡r❡✱ ❛ ❣❧♦❜❛❧ ♣❛r❛♠❡tr✐① P (∞)(z) ✐s ✐♥tr♦❞✉❝❡❞ ❛♥❞ ❝♦♥str✉❝t❡❞ ✉s✐♥❣ t❤❡ ❙③❡❣➤ ❢✉♥❝t✐♦♥ zα/2ϕ(z)−α/2✭t♦
❜❡ ❞❡✜♥❡❞ ❜❡❧♦✇✮✳ Pn(z) ❛♥❞ P˜n(z) ❛r❡ ❧♦❝❛❧ ♣❛r❛♠❡tr✐❝❡s t❤❛t ❢♦❧❧♦✇ ❢r♦♠ ❛ r❛t❤❡r ✐♥✈♦❧✈❡❞ ❧♦❝❛❧ ❛♥❛❧✲
②s✐s ❛r♦✉♥❞ t❤❡ ❡♥❞♣♦✐♥ts✳ ❲❡ ♦♠✐t t❤❡ ❞❡t❛✐❧s✱ ❜✉t ✇❡ ♥♦t❡ t❤❛t P˜n(z) ✐s ❣✐✈❡♥ ❡①♣❧✐❝✐t❧② ✐♥ t❡r♠s
♦❢ st❛♥❞❛r❞ ❇❡ss❡❧ ❛♥❞ ❍❛♥❦❡❧ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡✐r ❞❡r✐✈❛t✐✈❡s✳ ❚❤❡ ♣r❡❝✐s❡ ❝❤♦✐❝❡ ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s
✐s ♠❛❞❡ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t P˜n(z) s❛t✐s✜❡s ❛ ♠❛t❝❤✐♥❣ ❝♦♥❞✐t✐♦♥ ✇✐t❤ t❤❡ ❣❧♦❜❛❧ ♣❛r❛♠❡tr✐① ♦♥ t❤❡
❜♦✉♥❞❛r② ♦❢ t❤❡ ❧❡❢t ❞✐s❦✱ ♥❛♠❡❧②
P˜n(z)
[
P (∞)(z)
]−1
= I +∆left(z),
✇❤❡r❡ ∆left(z) ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ✐♥ ➓ ✺✳✶ ❛s t❤❡ ❥✉♠♣ ♠❛tr✐① ❢♦r R(z)✳ ❆ s✐♠✐❧❛r ❝♦♥str✉❝t✐♦♥ ②✐❡❧❞s ❡①♣❧✐❝✐t
❡①♣r❡ss✐♦♥s ❢♦r Pn(z) ✐♥ t❡r♠s ♦❢ t❤❡ ❆✐r② ❢✉♥❝t✐♦♥ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇ Pn(z)✱ P˜n(z) ❛♥❞
P (∞)(z) ❡①♣❧✐❝✐t❧②✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ ∆right/left(z) ✐♥ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛✳
❚❤❡ ❦❡② ✐❞❡❛ ✐s t❤❛t t❤❡ ❘✐❡♠❛♥♥✕❍✐❧❜❡rt ♣r♦❜❧❡♠ ❢♦r R(z) ❝❛♥ ❜❡ s♦❧✈❡❞ ❡①♣❧✐❝✐t❧② ✐♥ ❛♥ ❛s②♠♣t♦t✐❝
s❡♥s❡ ❢♦r ❧❛r❣❡ n✿ ✐t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ t❤❛t t❤❡ ♠❛tr✐① R(z) ✐s ✐ts❡❧❢ ❝❧♦s❡ t♦ t❤❡ ✐❞❡♥t✐t②
R(z) = I +O
(
1
n
)
, n→∞,
✉♥✐❢♦r♠❧② ❢♦r z ∈ C \ ΣR✳ ❍❡r❡✱ ΣR ✐s ❛ ❝♦♥t♦✉r t❤❛t r❡s✉❧ts ❢r♦♠ t❤❡ s❡q✉❡♥❝❡ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ♦✉t❧✐♥❡❞
❜❡❢♦r❡✱ ❛♥❞ ❝♦♥s✐sts ♦❢ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ r❡❣✐♦♥s ✐♥ ❋✐❣✉r❡ ✶✳ ■❢ ✇❡ ♠❛t❝❤ ❛❧❧ ♣♦✇❡rs ♦❢ z ❛♥❞ n ✐♥ ✭✷✳✷✮
✈✐❛ ∆
right/left
k (z)✱ ✇❡ ♦❜t❛✐♥ ❤✐❣❤❡r ♦r❞❡r t❡r♠s ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s✱ ✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ t❡❝❤♥✐q✉❡
♦✉t❧✐♥❡❞ ✐♥ ➓ ✺✳ ❋✐♥❛❧❧②✱ r❡✈❡rs✐♥❣ t❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭s✐♥❝❡ t❤❡ ❞✐✛❡r❡♥t ❘❍P ❛r❡ ❡q✉✐✈❛❧❡♥t✮✱ ♦♥❡ ❝❛♥
♦❜t❛✐♥ ❛s②♠♣t♦t✐❝ ✐♥❢♦r♠❛t✐♦♥ ❢♦r Y (z) ❛s n→∞ ✐♥ ❞✐✛❡r❡♥t s❡❝t♦rs ♦❢ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r
♦❢ t❤❡ (1, 1) ❡♥tr②✳
✺
✷✳✷ ❚❤❡ ❢✉♥❝t✐♦♥ R(z) ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡
❚❤❡ ❢✉♥❝t✐♦♥ R(z) ✐s ❛ 2× 2 ♠❛tr✐① ❝♦♠♣❧❡①✕✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✱ ❛♥❛❧②t✐❝ ✭❡❧❡♠❡♥t✲✇✐s❡✮ ✐♥ C \ ΣR✱ ✇❤❡r❡ ΣR
❝♦♥s✐sts ♦❢ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ r❡❣✐♦♥s ✐♥ ❋✐❣✉r❡ ✶✳ ❆❧s♦✱ Rk(z) = O(1/z) ❢♦r z → ∞✳ ❋✐♥❛❧❧②✱ ❛s n → ∞
❢♦r ♣♦❧②♥♦♠✐❛❧ Q(x) ✇✐t❤ ❞❡❣r❡❡ m ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✱ t❤❡r❡ ❡①✐st ❢✉♥❝t✐♦♥s Rk(z) s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥
R(z) ❛❞♠✐ts ❛♥ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❢♦r♠
R(z) ∼ I +
∞∑
k=1
Rk(z)
n
k−1
m +1
, n→∞. ✭✷✳✸✮
❲❡ ♦❜t❛✐♥ ❞✐✛❡r❡♥t ❡①♣r❡ss✐♦♥s ❢♦r Rk(z) ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ z ❧✐❡s✳ ❲❡ ✇✐❧❧ ✇r✐t❡ R
right
k (z)
❛♥❞ Rleftk (z) t♦ r❡❢❡r t♦ t❤❡ ❝♦❡✣❝✐❡♥ts ❢♦r z ♥❡❛r 1 ❛♥❞ 0 r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ R
outer
k (z) t♦ ✐♥❞✐❝❛t❡ t❤❡ ❝♦❡✣❝✐❡♥ts
❢♦r z ♦✉ts✐❞❡ t❤❡s❡ t✇♦ ❞✐s❦s✳ ❖✉r ❢♦r♠✉❧❛s ❢♦r t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❛r❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡s❡
❢✉♥❝t✐♦♥s✳ ❖♥❡ ♠❛② s✐♠♣❧② s✉❜st✐t✉t❡ R(z) = I t♦ ♦❜t❛✐♥ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❡①♣❛♥s✐♦♥✳
❍✐❣❤❡r✲♦r❞❡r ❡①♣❛♥s✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ✈✐❛ r❡❝✉rs✐✈❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ Rk(z) ✐♥ ➓✺✱ ♦r ❛❧t❡r♥❛t✐✈❡❧② ✉s✐♥❣ t❤❡
❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❧✐st❡❞ ✐♥ ➓❆✳
✷✳✸ ❆✉①✐❧✐❛r② ❢✉♥❝t✐♦♥s
❲❡ r❡❝❛❧❧ s♦♠❡ t❡r♠✐♥♦❧♦❣② ❛♥❞ ♥♦t❛t✐♦♥ ❢r♦♠ ❬✷✽❪✳ ■♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♦✉r r❡s✉❧ts ✇❡ ✉s❡ t❤❡ t❤✐r❞ P❛✉❧✐
♠❛tr✐① σ3 =
[
1 0
0 −1
]
❛♥❞ ❞❡✜♥❡ ❢♦r a ∈ C \ {0}✿
aσ3 =
[
a 0
0 a−1
]
.
❚❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s Ak ❛r✐s❡ ✐♥ t❤❡ r❡❝✉rs✐✈❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ▼❘❙ ♥✉♠❜❡rs✿
Ak =
∫ 1
0
xk−1/2
π
√
1− xdx =
k∏
j=1
2j − 1
2j
=
Γ(k + 1/2)√
πΓ(k + 1)
= 4−k
(
2k
k
)
,
❛♥❞ ✇❡ ✇✐❧❧ ❛❧s♦ ✉s❡ t❤❡ P♦❝❤❤❛♠♠❡r s②♠❜♦❧ ♦r r✐s✐♥❣ ❢❛❝t♦r✐❛❧
(n)j = n(n+ 1) · · · (n+ j − 1).
❲❡ ✇✐❧❧ ❞❡✜♥❡ t❤❡ ▼❘❙ ♥✉♠❜❡r βn ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ q✉❛♥t✐t✐❡s hn(z), Hn(z) ❛♥❞ ln ✐♥ ➓ ✸✳✷✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ s❝❛❧✐♥❣ ✭✷✳✶✮ ❣✐✈❡s r✐s❡ t♦ t❤❡ r❡s❝❛❧❡❞ ✜❡❧❞ Vn(z)✿
Vn(z) = Q(βnz)/n.
❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s✿
θ(z) =
{
1, arg(z − 1) > 0,
−1, arg(z − 1) ≤ 0,
ξn(z) = −i
(
Hn(z)
√
z
√
1− z/2− 2 arccos(√z)) , ✭✷✳✹✮
fn(z) = n
2/3(z − 1)
[−3θ(z)ξn(z)
2(z − 1)3/2
]2/3
,
φ¯n(z) = ξn(z)/2− πi/2. ✭✷✳✺✮
❚❤❡ ❢✉♥❝t✐♦♥ θ(z) ✐s ♥♦♥✲st❛♥❞❛r❞ ✐♥ ❧✐t❡r❛t✉r❡ ♦♥ ❛s②♠♣t♦t✐❝s✱ ❜✉t ✐t ✐s ✐♥tr♦❞✉❝❡❞ ❤❡r❡ ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s
t❤❡ st❛t❡♠❡♥t ♦❢ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥s ♦❢ s♦♠❡ ❢✉♥❝t✐♦♥s ✉s✐♥❣ st❛♥❞❛r❞ ❜r❛♥❝❤ ❝✉ts✳ ❲❡ ❛ss✉♠❡ st❛♥❞❛r❞
❜r❛♥❝❤ ❝✉ts ♦❢ ❛❧❧ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ✐♥ t❤✐s ♣❛♣❡r✱ s✉❝❤ t❤❛t t❤❡ ❢♦r♠✉❧❛s ❛r❡ ❡❛s✐❧② ✐♠♣❧❡♠❡♥t❡❞✳ ❖♥❡ ♠❛②
✻
❝❛❧❧ ξn(z)✱ fn(z) ❛♥❞ φ¯n(z) ♣❤❛s❡ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ♦rt❤♦♥♦r♠❛❧ ♣♦❧②♥♦♠✐❛❧s✳ ❚❤❡② s♣❡❝✐❢② t❤❡ ♦s❝✐❧❧❛t♦r②
❜❡❤❛✈✐♦✉r ♦❢ pn(x) ❢♦r z r❡s♣❡❝t✐✈❡❧② ❛✇❛② ❢r♦♠ t❤❡ ❡♥❞♣♦✐♥ts✱ ♥❡❛r 1 ❛♥❞ ♥❡❛r 0✳ ❍❡r❡✱ t♦♦✱ ♦♥❡ ❝❛♥ ❛✈♦✐❞
s♣❡❝✐❢②✐♥❣ s❡❧❡❝t ❜r❛♥❝❤ ❝✉ts ❜② ♥♦t s✐♠♣❧✐❢②✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ fn(z)✳ ❚❤❡ ❢✉♥❝t✐♦♥ φ¯n(z) ❝♦rr❡s♣♦♥❞s t♦√
ϕ˜n(z) ✐♥ ❬✷✽❪ ❛♥❞ ✐s ✉s❡❞ ❢♦r t❤❡ ❛♥❛❧②t✐❝ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ ❧❡❢t ❞✐s❦✳
❚❤❡ ❝♦♥❢♦r♠❛❧ ♠❛♣ ϕ(z) ❢r♦♠ C\ [0, 1] ♦♥t♦ t❤❡ ❡①t❡r✐♦r ♦❢ t❤❡ ✉♥✐t ❝✐r❝❧❡ ✐s ✉s❡❞ ✐♥ t❤❡ ❣❧♦❜❛❧ ♣❛r❛♠❡tr✐①
P (∞)(z)✱ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡s t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ pn(x) ❛✇❛② ❢r♦♠ x = 0 ❛♥❞ βn✿
ϕ(z) = 2z − 1 + 2√z√z − 1 = exp(iθ(z) arccos(2z − 1)), ✭✷✳✻✮
P (∞)(z) =
2−ασ3
2z1/4(z − 1)1/4


√
ϕ(z) i√
ϕ(z)
−i√
ϕ(z)
√
ϕ(z)

( zα/2
(ϕ(z))α/2
)−σ3
.
❋✐♥❛❧❧②✱ t❤❡ ❝♦❡✣❝✐❡♥ts νk ❛♥❞ (α,m) ❛♣♣❡❛r ✐♥ ❛s②♠♣t♦t✐❝s ♦❢ ❆✐r② ❛♥❞ ♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥s ✐♥ t❤❡
❧♦❝❛❧ ♣❛r❛♠❡tr✐❝❡s✿
νk =
(
1− 6k + 1
6k − 1
)
Γ(3k + 1/2)
54k(k!)Γ(k + 1/2)
=
−Γ(3k − 1/2)2k
2k27k
√
πΓ(2k)
,
(α,m) =
{
1, m = 0,
2−m(m!)−1
∏m
n=1(4α
2 − (2n− 1)2), m > 0.
✸ ▼❘❙ ♥✉♠❜❡rs ❛♥❞ r❡❧❛t❡❞ ❢✉♥❝t✐♦♥s
❚❤❡ ▼❤❛s❦❛r✲❘❛❦❤♠❛♥♦✈✲❙❛✛ ♥✉♠❜❡rs βn s❛t✐s❢② ❬✷✽❪
2πn =
∫ βn
0
Q′(x)
√
x
βn − xdx. ✭✸✳✶✮
❲❡ ✇✐❧❧ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡s❡ ❛♥❞ q✉❛♥t✐t✐❡s ❞❡♣❡♥❞❡♥t ♦♥ t❤❡♠ ❢♦r ✈❛r✐♦✉s t②♣❡s ♦❢Q(x)✿ ♠♦♥♦♠✐❛❧s✱
♠♦r❡ ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s✳
✸✳✶ ▼♦♥♦♠✐❛❧ Q(x)
■❢ Q(x) ✐s ♠♦♥♦♠✐❛❧ ✭Q(x) = qmx
m + q0✮✱ t❤❡♥ ❬✷✽❪
βn = n
1/m (mqmAm/2)
−1/m .
❲❡ ❛❧s♦ r❡❝❛❧❧ ❢r♦♠ ❬✷✽❪ t❤❡ ❝♦❡✣❝✐❡♥ts ln ❛♥❞ ♣♦❧②♥♦♠✐❛❧s Hn ✇✐t❤ ❛ s❧✐❣❤t ❛❞❥✉st♠❡♥t ❢♦r ln✿
ln =− 2/m− 4 ln(2)− q0/n,
Hn(z) =
4
2m− 12F1(1, 1−m; 3/2−m; z) =
2
mAm
m−1∑
k=0
Am−1−kzk. ✭✸✳✷✮
■♥ t❤❡ ❝❧❛ss✐❝❛❧ ▲❛❣✉❡rr❡ ❝❛s❡ ✇❤❡r❡ w(x) = xαe−x✱ ✇❡ ❤❛✈❡
Hn(z) = 4,
βn = 4n.
❚❤❡ ❧❛tt❡r ✈❛❧✉❡ ❢♦r βn ✐s ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ✐t ✐♠♣❧✐❡s t❤❛t t❤❡ ❧❛r❣❡st r♦♦t ♦❢ t❤❡ ▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡
n ❣r♦✇s ❛♣♣r♦①✐♠❛t❡❧② ❧✐❦❡ 4n✳
✼
✸✳✷ ●❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q(x)
❋♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q(x)✱ βn ❤❛s ❛♥ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✇✐t❤ ❢r❛❝t✐♦♥❛❧ ♣♦✇❡rs✱
βn ∼ n1/m
∞∑
k=0
β1,kn−k/m. ✭✸✳✸✮
❚♦ ❝♦♠♣✉t❡ t❤❡ ❝♦❡✣❝✐❡♥ts β1,k✱ ✇❡ st❛rt ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❬✷✽✱ Pr♦♣ ✸✳✹❪✿
m∑
k=0
k
2qkAk
dj
dǫj
(β(ǫ)kǫm−k)
∣∣∣∣
ǫ=0
= 0 =
m∑
k=max(m−j,1)
kqkAkβ
k,j−m+k, ✭✸✳✹✮
✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞
β(ǫ)k ∼
( ∞∑
l=0
β1,lǫl
)k
∼
∞∑
l=0
βk,lǫl, βk,l =
l∑
i=0
βk−1,iβ1,l−i. ✭✸✳✺✮
❖♥❡ ✉s❡s t❤❡ r❡s✉❧t ❬✷✽✱ ✭✸✳✽✮❪
β1,0 = (mqmAm/2)
−1/m, ✭✸✳✻✮
❛♥❞ t❤❡♥ r❡❝✉rs✐✈❡❧② ❝♦♠♣✉t❡s ✭✸✳✺✮ ❢♦r l ≤ j = 0✳ ◆❡①t✱ ✭✸✳✹✮ ❧❡❛❞s t♦
β1,j =−
{
mqmAm
([(
β1,0
)m−2 j−1∑
i=1
β1,j−iβ1,i
]
+
m−3∑
i=0
(β1,0)i
j−1∑
k=1
β1,j−kβm−1−i,k
)
+
m−1∑
k=max(m−j,1)
kqkAkβ
k,j−m+k

(m2qmAm[β1,0]m−1)−1
❢♦r j = 1 ❛♥❞ s♦ ♦♥✳ ❲❡ s❡❡ t❤❛t q0 ❞♦❡s ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ ▼❘❙ ♥✉♠❜❡r✱ s✐♥❝❡ ✐t ♦♥❧② r❡s❝❛❧❡s t❤❡ ✇❡✐❣❤t
❢✉♥❝t✐♦♥✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ βn ❢r♦♠ t❤✐s s❡❝t✐♦♥ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭✸✳✶✮ ❛s②♠♣t♦t✐❝❛❧❧② ✉♣ t♦ t❤❡
❝♦rr❡❝t ♦r❞❡r ❛♥❞ ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❧✐❝✐t r❡s✉❧t ❢r♦♠ ❬✷✽✱ ✭✸✳✽✮❪✿
β1,1 =
−2(m− 1)qm−1
m(2m− 1)qm . ✭✸✳✼✮
❲✐t❤ t❤❡s❡ r❡s✉❧ts✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ♣♦❧②♥♦♠✐❛❧s Hn(x) ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ln ❛s ❬✷✽✱ ➓✸❪✿
Hn(z) =
m−1∑
k=0
zk
m∑
j=k+1
qj
n
βjnAj−k−1 ∼
m−1∑
k=0
zk
m∑
j=k+1
qjAj−k−1nj/m−1
∞∑
i=0
βj,in−i/m, ✭✸✳✽✮
ln =− 4 log(2)−
m∑
k=0
qk
n
βknAk.
✸✳✸ ●❡♥❡r❛❧ ❢✉♥❝t✐♦♥ Q(x)
❋♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ ❝❛s❡ Q(x) ✐s ♥♦t ❛ ♣♦❧②♥♦♠✐❛❧✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞✳ ❲❡
♣r♦✈✐❞❡ ❛♥ ✐♥✐t✐❛❧ ❣✉❡ss β
(0)
n t❤❛t s❛t✐s✜❡s n = Q(β
(0)
n ) t♦ ❛♥ ✐t❡r❛t✐✈❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡✱ s♦ β
(0)
n = Q−1(n)✳
❚❤❡ ♣r♦❝❡❞✉r❡ ✜♥❞s ❛ βn t❤❛t ❛♣♣r♦①✐♠❛t❡❧② s❛t✐s✜❡s ✭✸✳✶✮✱ ✇❤❡r❡ t❤❡ ✐♥t❡❣r❛❧ ✐s ❝♦♠♣✉t❡❞ ❜② ♥✉♠❡r✐❝❛❧
✐♥t❡❣r❛t✐♦♥✳ ■❢ ♥❡❡❞❡❞✱ Q−1(n) ❛♥❞ Q′(x) ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ❛s ✇❡❧❧✳ ❚❤❡ ♦t❤❡r ❢✉♥❝t✐♦♥s ❛r❡
❣✐✈❡♥ ❜② ✐♥t❡❣r❛❧s✱ ❬✷✽✱ ✭✸✳✶✶✲✶✻✲✸✽✲✹✵✲✷✹✮❪
hn(z) =
1
2πi
∮
Γz
√
yV ′n(y)dy√
y − 1(y − z) ,
✽
ξn(z) =
−1
2
∫ z
1
√
y − 1√
y
hn(y)dy,
ln = 2
∫ 1
0
log(|1/2− y|)√1− y
2π
√
y
hn(y)dy − Q(βn/2)
n
.
❚❤❡ ❝♦♥t♦✉r Γz ❢♦r hn s❤♦✉❧❞ ❡♥❝❧♦s❡ t❤❡ ✐♥t❡r✈❛❧ [0, 1] ❛♥❞ t❤❡ ♣♦✐♥t z✳ ❲❡ ❝❤♦♦s❡ Γz t♦ ❜❡ ❛ ❝✐r❝❧❡ ✇✐t❤
❛ ❝❡♥t❡r ❤❛❧❢✇❛② ❜❡t✇❡❡♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1] ❛♥❞ z✱ ✇❤✐❧❡ st✐❧❧ ✐♥❝❧✉❞✐♥❣ z ❛♥❞ t❤❡ ✐♥t❡r✈❛❧✳ ❚❤❡ ✐♥t❡❣r❛❧s ❢♦r
ξn(z) ❛♥❞ ln ❛r❡ ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ ♥✉♠❡r✐❝❛❧❧②✱ s♦ t❤❡ ❢♦r♠❡r ✐s ❝♦♠♣✉t❡❞ ❜② ❛ ❞♦✉❜❧❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛❧✳
❘❡♠❛r❦ ✸✳✶✳ ❚❤❡s❡ ❡①♣r❡ss✐♦♥s ❛r❡ ❛❧s♦ ✈❛❧✐❞ ❢♦r ♣♦❧②♥♦♠✐❛❧ Q✳ ❍♦✇❡✈❡r✱ ❢♦❧❧♦✇✐♥❣ t❤❡ r❡❛s♦♥✐♥❣ ✐♥ t❤✐s
s✉❜s❡❝t✐♦♥ ♦♥❧② ❧❡❛❞s t♦ ❛ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡ ♦❢ βn ❢♦r ❛ ❣✐✈❡♥ n✱ ❛s ♦♣♣♦s❡❞ t♦ ❛ ❢✉❧❧ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢
βn ✐♥ ❢r❛❝t✐♦♥❛❧ ♣♦✇❡rs ♦❢ n✳ ❚❤❡ s❛♠❡ ♦❜s❡r✈❛t✐♦♥ ❤♦❧❞s ❢♦r t❤❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❛❜♦✈❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡
♣♦✇❡rs n−1/m ❛r❡ ✐♠♣❧✐❝✐t❧② ♣r❡s❡♥t ✐♥ ❛❧❧ q✉❛♥t✐t✐❡s t❤❛t ✐♥✈♦❧✈❡ βn✱ ✇❤✐❧❡ t❤❡ r❡s✉❧ts ❢♦r ♣♦❧②♥♦♠✐❛❧ Q ❛r❡
♠♦r❡ ❡①♣❧✐❝✐t✳ ❲❡ ❝♦♠♣❛r❡ ❜♦t❤ ❛♣♣r♦❛❝❤❡s ❢✉rt❤❡r ✐♥ ❘❡♠❛r❦ ✻✳✶ ❛♥❞ ➓ ✼✳✹✳
✸✳✹ ❊①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s s❛t✐s✜❡❞ ❜② t❤❡ ▼❘❙ ♥✉♠❜❡rs
❚❤✉s ❢❛r ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❡✐t❤❡r ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦❢ βn ♦r ❛ ♥✉♠❡r✐❝❛❧ ❡st✐♠❛t✐♦♥✳ ❚❤❡ ❝❛s❡s ✐♥ ✇❤✐❝❤
❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❛r❡ ❧✐♠✐t❡❞✱ ❜✉t ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛✐♠ t♦ ♣r♦✈✐❞❡ s♦♠❡ ♠♦r❡ ❤❡❧♣❢✉❧
❡①♣r❡ss✐♦♥s✳
■♥s♣✐r❡❞ ❜② ✭✷✳✻✮✱ ✇❡ ✐♥✈❡rt t❤❛t ❝♦♥❢♦r♠❛❧ ♠❛♣ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ❝♦♦r❞✐♥❛t❡s x = (ϕ + 1)2βn/4/ϕ ✐♥
✐♥t❡❣r❛❧ ✭✸✳✶✮✿
8πin
βn
=
∫
Υ
Q′(x)
(ϕ+ 1)2
ϕ2
dϕ.
❚❤❡ ❝♦♥t♦✉r Υ ✐s ❤❛❧❢ t❤❡ ✉♥✐t ❝✐r❝❧❡✱ st❛rt✐♥❣ ❛t ϕ = −1 t❤r♦✉❣❤ i t♦ 1✳ ◆♦t❡ t❤❛t x ✐s r❡❛❧✲✈❛❧✉❡❞ ❢♦r ϕ ♦♥
t❤✐s ❤❛❧❢❝✐r❝❧❡ ✐♥ t❤❡ ✉♣♣❡r ❤❛❧❢ ♦❢ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ❍❡♥❝❡✱ ✐t ✐s ❛❧s♦ r❡❛❧✲✈❛❧✉❡❞ ✇❤❡♥ ✇❡ t❛❦❡ t❤❡ ❝♦♠♣❧❡①
❝♦♥❥✉❣❛t❡ ♦❢ ϕ✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ϕ ♦♥ t❤❡ ❤❛❧❢❝✐r❝❧❡ ✐♥ t❤❡ ❧♦✇❡r ❤❛❧❢ ♦❢ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✳ ■❢ ✇❡ ❛ss✉♠❡
t❤❛t Q′ ✐s r❡❛❧ ❢♦r r❡❛❧ ❛r❣✉♠❡♥ts✱ t❤❡♥ t❤❡ ✐♥t❡❣r❛❧ ♦♥ t❤❡ ♥❡❣❛t✐✈❡ ❤❛❧❢❝✐r❝❧❡✱ ✐✳❡✳ ❢r♦♠ −1 t❤r♦✉❣❤ −i t♦ 1✱
✐s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ❛❜♦✈❡✳ ❈♦♠❜✐♥✐♥❣ ❜♦t❤✱ ✇❡ ✜♥❞ t❤❛t
16πin
βn
=
∫
Ξ
Q′(x)
(ϕ+ 1)2
ϕ2
dϕ,
✇❤❡r❡ Ξ ✐s ❛ ❝✐r❝❧❡ ❡♥❝❧♦s✐♥❣ t❤❡ ♦r✐❣✐♥ ϕ = 0 ✐♥ t❤❡ ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ❞✐r❡❝t✐♦♥✳
❚❤❡ ❞❡s❝r✐❜❡❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ♠❛♣s ❛ ♣♦✐♥t ϕ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ ✉♥✐t ❝✐r❝❧❡ t♦ x ∈ C \ [0, βn]✳ ■❢
✇❡ Q ✐s ♥♦t ❡♥t✐r❡✱ ✇❡ ♥❡❡❞ t♦ s✉❜str❛❝t ❛❞❞✐t✐♦♥❛❧ r❡s✐❞✉❡s❀ ❡❧s❡✱ t❤❡ ❝♦♥t♦✉r Ξ ❡♥❝❧♦s❡s ❛ s✐♥❣❧❡ ♣♦❧❡ ❛t t❤❡
♦r✐❣✐♥✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Q(x) ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ m✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ t❤❡ r❡s✐❞✉❡ t❤❡♦r❡♠ t❤❛t βn ✐s
t❤❡ r♦♦t ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ m✿
8n
βn
= ❘❡s
(
(ϕ+ 1)2
ϕ2
m∑
k=1
kqk
(
(ϕ+ 1)2βn
4ϕ
)k−1
, ϕ = 0
)
,
8n
βn
=
[
m∑
k=2
kqk
(
βn
4
)k−1(2k − 2
k − 2
)]
+ 2
[
m∑
k=1
kqk
(
βn
4
)k−1(2k − 2
k − 1
)]
+
[
m∑
k=2
kqk
(
βn
4
)k−1(2k − 2
k
)]
,
8n = 2q1βn + 4
m∑
k=2
k
(
2k
k
)
qk
(
βn
4
)k
. ✭✸✳✾✮
❲❡ ❝❛♥ r❡♠❛r❦ t❤❛t ✭✸✳✸✮ ❣✐✈❡s t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ③❡r♦ ♦❢ t❤❡ m✲t❤ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧ ✭✸✳✾✮
✐♥ βn ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❢❛❝t♦r ✐♥ ✐ts ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥t✳ ❊①❛❝t s♦❧✉t✐♦♥s ❢♦r βn ❛r❡ ♦♥❧② ❛✈❛✐❧❛❜❧❡ ✉♣ t♦
m = 4✳ ❋♦r m = 1✱ t❤✐s ❜♦✐❧s ❞♦✇♥ t♦ t❤❡ st❛♥❞❛r❞ ❛ss♦❝✐❛t❡❞ ▲❛❣✉❡rr❡ ❝❛s❡ βn = 4n/q1✳ ❋♦r m = 2 ✇❡ t❛❦❡
t❤❡ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥ ✇❤✐❝❤ ❛❧s♦ ❝♦rr❡s♣♦♥❞s t♦ ✭✸✳✻✮ ❛♥❞ ✭✸✳✼✮✿
βn =
−q1 +
√
q21 + 24q2n
3q2
∼
√
8n
3q2
− q1
3q2
+
√
q41
864q32n
+O(n−3/2),
✾
❲❡ ❞♦ ✜♥❞ ❛♥ ❡①♣❧✐❝✐t r❡s✉❧t ❢♦r t❤❡ ♥♦♥✲♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ Q(x) = exp(x)✳ ■♥ t❤❛t ❝❛s❡✱ ✇❡ ❤❛✈❡
8n ∼ βn❘❡s
(
1
ϕ
∞∑
k=0
1
k!
(
βn
4
)k (
ϕ−1 + 2 + ϕ
)k+1
, ϕ = 0
)
8n ∼ βn
∞∑
k=0
1
k!
(
βn
4
)k (2k + 2
k + 1
)
8n = 2βn exp
(
βn
2
)[
I0
(
βn
2
)
+ I1
(
βn
2
)]
✭✸✳✶✵✮
4n ∼ eβn
√
βn
π
[
2− 1
2
√
βn
]
⇒ βn ∼W (8πn2)/2 ∼ log(n)− log(log[8πn2])/2 + log(8π)/2, ✭✸✳✶✶✮
✇❤❡r❡ W ❞❡♥♦t❡s t❤❡ ▲❛♠❜❡rt✲❲ ❢✉♥❝t✐♦♥✱ ❛♥❞ I0 ❛♥❞ I1 ❛r❡ ♠♦❞✐✜❡❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥s✳ ❋♦r ❣❡♥❡r❛❧ Q(x)✱
❛ s✐♠✐❧❛r t❡❝❤♥✐q✉❡ ♠❛② ❛❧❧♦✇ ♦♥❡ t♦ ✜♥❞ ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ s❛t✐s✜❡❞ ❜② βn ❧✐❦❡ ✭✸✳✶✵✮ ✇✐t❤♦✉t ✐♥t❡❣r❛❧s✳
❙♦❧✈✐♥❣ t❤❛t ❡①♣r❡ss✐♦♥ ♥✉♠❡r✐❝❛❧❧② ❛✈♦✐❞s ❤❛✈✐♥❣ t♦ ❡✈❛❧✉❛t❡ t❤❡ ✐♥t❡❣r❛❧ ✭✸✳✶✮✳ ❍♦✇❡✈❡r✱ ✐t ♠✐❣❤t ❜❡❝♦♠❡
q✉✐t❡ ✐♥✈♦❧✈❡❞ t♦ ❞❡r✐✈❡ ❤✐❣❤❡r ♦r❞❡r t❡r♠s ❛s ❡①♣❧✐❝✐t❧② ❛s ✐♥ ➓ ✻✳✸ ❛♥❞ ✻✳✹ ❢r♦♠ t❤❡ r❡s✉❧t✐♥❣ ❡①♣❛♥s✐♦♥ ♦❢
βn ❛s n→∞✳
✹ ❆s②♠♣t♦t✐❝s ♦❢ ♦rt❤♦♥♦r♠❛❧ ♣♦❧②♥♦♠✐❛❧s pn(x) ❛♥❞ r❡❧❛t❡❞ ❝♦❡✣❝✐❡♥ts
✹✳✶ ▲❡♥s ■
P✉tt✐♥❣ t♦❣❡t❤❡r t❤❡ ❝♦♥s❡❝✉t✐✈❡ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ❬✷✽❪✱ ❢♦r z ∈ ■ ✐♥ ❋✐❣✉r❡ ✶ ❛♥❞ x ❛♥❞ z r❡❧❛t❡❞ ❛s ✐♥
x = βnz✱ ✇❡ ♦❜t❛✐♥
pn(βnz) =
βnnγne
n(Vn(z)+ln)/2
z1/4(1− z)1/4zα/2
(
1
0
)T
Router(z) ✭✹✳✶✮(
2−α cos(arccos(2z − 1)[1/2 + α/2] + nξn(z)/i− π/4)
−i2α cos(arccos(2z − 1)[α/2− 1/2] + nξn(z)/i− π/4)
)
.
❚❤❡ ❛s②♠♣t♦t✐❝s ♦❢ γn ❛r❡ ❣✐✈❡♥ ✐♥ ➓ ✹✳✺✳ ❚❤❡ ❢✉❧❧ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ pn(x) ✐s ♦❜t❛✐♥❡❞ ❜② s✉❜st✐t✉t✐♥❣
t❤❡ ❡①♣❛♥s✐♦♥ ❢♦r Router(z) t❤❛t ✇❡ ❞❡r✐✈❡ ❧❛t❡r ♦♥✳
❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ♦rt❤♦♥♦r♠❛❧ ♣♦❧②♥♦♠✐❛❧s ❛❧❧ s❡♣❛r❛t❡ t✇♦ ♦s❝✐❧❧❛t♦r② t❡r♠s ✭♣❤❛s❡
❢✉♥❝t✐♦♥s ♠✉❧t✐♣❧✐❡❞ ❜② n✮ ❢r♦♠ t❤❡ ♥♦♥✲♦s❝✐❧❧❛t♦r② ❤✐❣❤❡r ♦r❞❡r t❡r♠s✳ ❋♦r ♣♦❧②♥♦♠✐❛❧ Q(x) ♦❢ ❞❡❣r❡❡ m✱
t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ tr✉♥❝❛t❡❞ ❛❢t❡r T t❡r♠s ❝♦rr❡s♣♦♥❞ t♦ ❛ r❡❧❛t✐✈❡ ❡rr♦r ♦❢ s✐③❡ O(n−T/m)✳ ■♥ t❤❡
s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛ ♠♦♥♦♠✐❛❧ Q(x) = qmx
m + q0✱ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✐♠♣r♦✈❡s t♦ O(n−T )✳
✹✳✷ ❖✉t❡r r❡❣✐♦♥ ■■
❋♦r z ∈ ■■✱ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐s
pn(βnz) =
βnnγne
n(Vn(z)/2+θ(z)ξn(z)+ln/2) exp(iθ(z) arccos(2z − 1)α/2)
2z1/4(z − 1)1/4zα/2
(
1
0
)T
Router(z) ✭✹✳✷✮(
2−α exp(iθ(z) arccos(2z − 1)/2)
−i2α exp(−iθ(z) arccos(2z − 1)/2).
)
■t ♠❛② ❛♣♣❡❛r t♦ ❜❡ ♣r♦❜❧❡♠❛t✐❝ t❤❛t exp(Q(βnz)/2) = exp(nVn(z)/2) ❛♣♣❡❛rs ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s
♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✱ ❡s♣❡❝✐❛❧❧② ❢♦r t❤✐s r❡❣✐♦♥✱ s✐♥❝❡ t❤✐s ❢❛❝t♦r ❣r♦✇s ✈❡r② q✉✐❝❦❧②✳
❍♦✇❡✈❡r✱ ♦♥❡ ♠❛② ✈❡r✐❢② t❤❛t t❤✐s ❡①♣♦♥❡♥t✐❛❧ ❜❡❤❛✈✐♦✉r ✐s ❝❛♥❝❡❧❡❞ ♦✉t ✇✐t❤ ♦t❤❡r t❡r♠s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱
t❤❡ t❡r♠ exp(nξn(z)) ✐♥ ✭✹✳✷✮ ❡♥s✉r❡s t❤❛t pn(z) = O(zn)✱ z →∞✳
✶✵
✹✳✸ ❘✐❣❤t ❞✐s❦ ■■■
❚❤❡ ♣♦❧②♥♦♠✐❛❧s ❜❡❤❛✈❡ ❧✐❦❡ ❛♥ ❆✐r② ❢✉♥❝t✐♦♥ ♥❡❛r t❤❡ r✐❣❤t ❡♥❞♣♦✐♥t z = 1 ✭z ∈ ■■■✮✳ ❚❤✐s ✐s t②♣✐❝❛❧
❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♥❡❛r ❛ s♦✲❝❛❧❧❡❞ ❵s♦❢t ❡❞❣❡✬✱ ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ r❛♥❞♦♠ ♠❛tr✐① t❤❡♦r②✳ ◆♦t❡ t❤❛t t❤❡
θ(z) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ r❡♠♦✈❡s t❤❡ ❜r❛♥❝❤ ❝✉t✱ s♦ t❤❛t ✐t ❝❛♥ ❜❡ ✉s❡❞ t❤r♦✉❣❤♦✉t C✱ ❛✇❛② ❢r♦♠
z = 0✿
pn(βnz) = γnβ
n
n
z−α/2
√
π
z1/4(z − 1)1/4 e
n(Vn(z)+ln)/2
(
1
0
)T
Rright(z) ✭✹✳✸✮
2−α
{
cos
[
(α+1) arccos(2z−1)
2
]
Ai(fn(z))fn(z)
1/4 − i sin
[
(α+1) arccos(2z−1)
2
]
Ai′(fn(z))fn(z)−1/4θ(z)
}
2α
{
−i cos
[
(α−1) arccos(2z−1)
2
]
Ai(fn(z))fn(z)
1/4 − sin
[
(α−1) arccos(2z−1)
2
]
Ai′(fn(z))fn(z)−1/4θ(z)
}


❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♥♦t❡ ❛ ♣♦ss✐❜❧❡ ✐ss✉❡ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ ③❡r♦s ♦❢ t❤✐s ❡①♣r❡ss✐♦♥✱ ❛s ♦♥❡ ✇♦✉❧❞ ❞♦
❢♦r ●❛✉ss✐❛♥ q✉❛❞r❛t✉r❡✳ ❚❤❡ ❧❛r❣❡st r♦♦t ❢♦r t❤❡ st❛♥❞❛r❞ ❛ss♦❝✐❛t❡❞ ▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧s ❛s②♠♣t♦t✐❝❛❧❧②
❜❡❤❛✈❡s ❛s 4n+ 2α+ 2 + 22/3a1(4n+ 2α+ 2)
1/3✱ ✇✐t❤ a1 t❤❡ ✭♥❡❣❛t✐✈❡✮ ③❡r♦ ♦❢ t❤❡ ❆✐r② ❢✉♥❝t✐♦♥ ❝❧♦s❡st t♦
③❡r♦✱ s❡❡ ❬✶✾✱ ✷✵✱ ✭✶✽✳✶✻✳✶✹✮❪ ❛♥❞ ❬✷✷✱ ✭✻✳✸✷✳✹✮❪✳ ❋♦r ❛ ✜①❡❞ ❜✉t r❡❧❛t✐✈❡❧② ❤✐❣❤ α✱ t❤✐s ♣♦✐♥t ♠❛② ❧✐❡ ♦✉ts✐❞❡
t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♠❡❛s✉r❡ (0, 4n) ❬✷✽✱ ❘❡♠✳ ✸✳✽❪✳ ❚❤❡r❡ ✇✐❧❧ ❛❧✇❛②s ❜❡ ❛ ❧❛r❣❡r n ❢♦r ✇❤✐❝❤
t❤❡ ♣♦✐♥t ❧✐❡s ✐♥s✐❞❡✳ ❙t✐❧❧✱ ❢♦r ❧❛r❣❡ α ♦♥❡ ♠❛② ✇❛♥t t♦ ♣✉rs✉❡ ❛ ❞✐✛❡r❡♥t ❦✐♥❞ ♦❢ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥✱ ❢♦r
❡①❛♠♣❧❡ ✉s✐♥❣ ❛s②♠♣t♦t✐❝s ✇✐t❤ ❛ ✈❛r②✐♥❣ ✇❡✐❣❤t xα(n) exp(−Q(x))✱ ❛s st✉❞✐❡❞ ✐♥ ❢♦r ❡①❛♠♣❧❡ ❬✸❪✱ ❛♥❞ ❛♣♣❧②
✐t t♦ t❤❡ ✜①❡❞ α✳
✹✳✹ ▲❡❢t ❞✐s❦ ■❱
❚❤❡ ♣♦❧②♥♦♠✐❛❧s ❜❡❤❛✈❡ ❧✐❦❡ ❛ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r α ♥❡❛r t❤❡ ❧❡❢t ❡♥❞♣♦✐♥t z = 0✳ ❋♦r z ∈ ■❱✱ ✇❡ ♦❜t❛✐♥
pn(βnz) = γnβ
n
n
(−1)n (inφ¯n(z)π)1/2
z1/4(1− z)1/4 z
−α/2en(Vn(z)+ln)/2
(
1
0
)T
Rleft(z) ✭✹✳✹✮
 2−α
{
sin
[
(α+1) arccos(2z−1)
2 − πα2
]
Jα
(
2inφ¯n(z)
)
+ cos
[
(α+1) arccos(2z−1)
2 − πα2
]
J ′α
(
2inφ¯n(z)
)}
−i2α
{
sin
[
(α−1) arccos(2z−1)
2 − πα2
]
Jα
(
2inφ¯n(z)
)
+ cos
[
(α−1) arccos(2z−1)
2 − πα2
]
J ′α
(
2inφ¯n(z)
)}

 .
■t ✐s ♥♦t ✐♠♠❡❞✐❛t❡❧② ♦❜✈✐♦✉s t❤❛t t❤❡ ❡①♣❛♥s✐♦♥s ✭✹✳✸✮ ❛♥❞ ✭✹✳✹✮ ❛r❡ ❛♥❛❧②t✐❝ ✐♥ t❤❡ ♣♦✐♥ts z = 1 ❛♥❞
z = 0 r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ✇✐❧❧ ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ✭✺✳✺✮ ❢♦r Rleft/right(z) ❛♥❞ ❜② ❛❧s♦ ♠❛❦✐♥❣ ❛ s❡r✐❡s
❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♦t❤❡r t❡r♠s ❛t t❤♦s❡ ♣♦✐♥ts✳ ❋♦r ♥✉♠❡r✐❝❛❧ ♣✉r♣♦s❡s✱ ✐t ♠❛② ❜❡ ❜❡tt❡r t♦ ✉s❡ t❤♦s❡ s❡r✐❡s
❡①♣❛♥s✐♦♥s ✇❤❡♥ ❡✈❛❧✉❛t✐♥❣ ❝❧♦s❡ t♦ ✭♦r ❛t✮ z = 0 ❛♥❞ z = 1✳
✹✳✺ ❆s②♠♣t♦t✐❝s ♦❢ ❧❡❛❞✐♥❣ ♦r❞❡r ❝♦❡✣❝✐❡♥ts
❚❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♦rt❤♦♥♦r♠❛❧ ♣♦❧②♥♦♠✐❛❧s ✐s γn✱ ✐✳❡✳ ✇❡ ❤❛✈❡
pn(x) = γnπn(x)
✇❤❡r❡ πn(x) ✐s t❤❡ ♠♦♥✐❝ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n✳ ❋♦r ❛ ♠♦♥♦♠✐❛❧ ♦r ♠♦r❡ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥ Q(x)✱
t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ γn ✐s
γn ∼
β
−n−α/2−1/2
n exp(−nln/2)
√
2
π2
α√
1− 4i4α∑∞k=1 (Urightk,1 +U leftk,1 )|1,2nk
. ✭✹✳✺✮
❚❤❡ q✉❛♥t✐t✐❡s U
right/left
k,1 ❛r❡ ❞❡✜♥❡❞ ❛♥❞ ❡①t❡♥s✐✈❡❧② ❞❡s❝r✐❜❡❞ ✐♥ ➓✺✳ ❚❤❡② ❛r❡ t❤❡ ❝♦♥st❛♥t 2 × 2 ♠❛tr✐❝❡s
t❤❛t ♠✉❧t✐♣❧② z−1n−k ❛♥❞ (z − 1)−1n−k ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ❢♦r R(z)✱ ♦❢ ✇❤✐❝❤ ✇❡ ✉s❡ t❤❡ ❧♦✇❡r ❧❡❢t ❡❧❡♠❡♥ts
❤❡r❡✳ ❊①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡s❡ ♠❛tr✐❝❡s ✉♣ t♦ k = 3 ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ❚❤❡ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥t
✶✶
q0 ♦♥❧② ❝❤❛♥❣❡s t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❛♥❞ ❞♦❡s ♥♦t ✐♥✢✉❡♥❝❡ βn ♥♦r t❤❡ ♠❛tr✐❝❡s✳ ❍♦✇❡✈❡r✱ ✐t
❞♦❡s ✐♥✢✉❡♥❝❡ γn t❤r♦✉❣❤ t❤❡ ❝♦❡✣❝✐❡♥t ln✱ ❣✐✈✐♥❣ γn ∼ exp(q0/2)✳
❋♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q(x)✱ t❤❡ ♣♦✇❡r ♦❢ n ❝❤❛♥❣❡s ❢r♦♠ k t♦ (k − 1)/m+ 1✿
γn ∼
β
−n−α/2−1/2
n exp(−nln/2)
√
2
π2
α√
1− 4i4α∑∞k=1 (Urightk,1 +U leftk,1 )|1,2n(k−1)/m+1
.
❚❤✐s r❡✢❡❝ts t❤❡ ♠♦r❡ ❛❝❝✉r❛t❡ ❛s②♠♣t♦t✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t βn ❛✈❛✐❧❛❜❧❡ ❢♦r ♣♦❧②♥♦♠✐❛❧ Q✳ ■t ✐s ✉♥❞❡rst♦♦❞
❤❡r❡ t❤❛t ♦♥❡ s✉❜st✐t✉t❡s t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ βn ✐♥ t❤✐s ❢♦r♠✉❧❛✳ ❲❡ r❡t❛✐♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ❤❡r❡ t♦
s❤♦✇ t❤❡ ❛♥❛❧♦❣② ✇✐t❤ ✭✹✳✺✮✳
✹✳✻ ❆s②♠♣t♦t✐❝s ♦❢ r❡❝✉rr❡♥❝❡ ❝♦❡✣❝✐❡♥ts
■♥ t❤❡ t❤r❡❡ t❡r♠ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ✭✶✳✶✮✱ t❤❡ r❡❝✉rr❡♥❝❡ ❝♦❡✣❝✐❡♥ts ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❛r❣❡ n ❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥
an ∼ βn
[
−α
4
+
∞∑
k=1
(U rightk,1 + U
left
k,1 )|1,1
nk
+
4−αi(α+2)
16 +
(∑∞
k=3
U leftk,2 |1,2
nk
)
+
(∑∞
k=1
(Urightk,2 +U
right
k,1 )|1,2
nk
)
+
(∑∞
k=1
(Urightk,1 +U
left
k,1 )|1,14−α−1i+(Urightk,1 +U leftk,1 )|1,2α/4
nk
)
4−α−1i+
(∑∞
k=1
(Urightk,1 +U
left
k,1 )|1,2
nk
)


❛♥❞
bn−1 ∼ βn
4
[
1 + 4i
( ∞∑
k=1
(U rightk,1 + U
left
k,1 )|2,14−α − 4α(U rightk,1 + U leftk,1 )|1,2
nk
)
+
16
( ∞∑
k=1
(U rightk,1 + U
left
k,1 )|2,1
nk
)( ∞∑
k=1
(U rightk,1 + U
left
k,1 )|1,2
nk
)]1/2
.
❚❤❡ q✉❛♥t✐t✐❡s U
right/left
k,1 ✐♥ t❤❡s❡ ❡①♣r❡ss✐♦♥s ❛r❡ t❤❡ s❛♠❡ ❛s t❤♦s❡ ❛♣♣❡❛r✐♥❣ ✐♥ ✭✹✳✺✮ ❛❜♦✈❡✳ ❋♦r ❣❡♥❡r❛❧
♣♦❧②♥♦♠✐❛❧ Q(x)✱ t❤❡ ♣♦✇❡rs ♦❢ n ❛❣❛✐♥ ❝❤❛♥❣❡ ❢r♦♠ k t♦ (k − 1)/m + 1 ❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥ ✐s ♦t❤❡r✇✐s❡
✉♥❝❤❛♥❣❡❞✳
✺ ❈♦♠♣✉t❛t✐♦♥ ♦❢ ❤✐❣❤❡r✲♦r❞❡r t❡r♠s
❚❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❘✐❡♠❛♥♥✲❍✐❧❜❡rt ♣r♦❜❧❡♠s s✉❣❣❡sts ❛ ✇❛② t♦ ❝♦♠♣✉t❡ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ R(z)✳
■♥ ♣r✐♥❝✐♣❧❡✱ ✐t ✐s ❝❧❡❛r ❤♦✇ ❡①♣r❡ss✐♦♥s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜✉t t❤✐s ✐♥✈♦❧✈❡s ♠❛♥② ❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥s✱
s✉♠♠❛t✐♦♥s ❛♥❞ r❡❝✉rs✐♦♥✳ ❆♥ ✐♠♣♦rt❛♥t ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❬✻❪ ✇❛s t♦ ✐❞❡♥t✐❢② ❛ s❡t ♦❢ s✐♠♣❧✐✜❝❛t✐♦♥s t❤❛t
s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥s✳ ❙✐♠✐❧❛r s✐♠♣❧✐✜❝❛t✐♦♥s ❝❛♥ ❜❡
♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❝✉rr❡♥t s❡tt✐♥❣ ♦❢ ▲❛❣✉❡rr❡✲t②♣❡ ♣♦❧②♥♦♠✐❛❧s✱ t❤♦✉❣❤ t❤❡ ❡①♣r❡ss✐♦♥s ❛r❡ ♦❢ ❝♦✉rs❡ ✈❡r②
❞✐✛❡r❡♥t✳
✺✳✶ ❏✉♠♣s ♦❢ R(z)
❚❤❡ ♠❛✐♥ ✐❞❡❛ t♦ ♦❜t❛✐♥ ❤✐❣❤❡r✲♦r❞❡r t❡r♠s ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❢♦r πn(z) ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ❤✐❣❤❡r✲
♦r❞❡r t❡r♠s Rk(z) ✐♥ ✭✷✳✸✮✳ ❚♦ t❤❛t ❡♥❞✱ ✇❡ r❡❝❛❧❧ t❤❛t R s❛t✐s✜❡s ❛ ❘✐❡♠❛♥♥✲❍✐❧❜❡rt ♣r♦❜❧❡♠ ✇✐t❤ ❥✉♠♣s
❛❝r♦ss t❤❡ ❝♦♥t♦✉rs s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳ ❲❡ ♣r♦❝❡❡❞ ❛s ✐♥ ❬✻❪ ❜② ✇r✐t✐♥❣ t❤❡ ❥✉♠♣ ♠❛tr✐① ❢♦r R(z) ❛s ❛
✶✷
♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✱ I +∆(z)✳ ❙t❛rt✐♥❣ ❢r♦♠ ❬✷✽✱ ✭✸✳✶✵✽✮❪ ✇❡ ❤❛✈❡✱ ❢♦r z ♦♥ t❤❡ ❜♦✉♥❞❛r② ΣR
♦❢ ♦♥❡ ♦❢ t❤❡ ❞✐s❦s ❛s s❤♦✇♥ ✐♥ ➓ ✷✱
Router(z) = Rright/left(z)(I +∆right/left(z)), z ∈ ΣR. ✭✺✳✶✮
❲❡ t❤❡♥ ❝♦♥s✐❞❡r ❛ ❢✉❧❧ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ ♣♦✇❡rs ♦❢ 1/n ❢♦r ∆(z)✿
∆(z) ∼
∞∑
k=1
∆k(z)
nk
, n→∞.
❖♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞✐s❦s✱ t❤❡ t❡r♠s ∆k(z) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❡①♣❧✐❝✐t❧② ❛s ∆
right/left
k (z) ❬✷✽✱ ✭✸✳✼✻✮✱ ✭✸✳✾✽✮❪✿
∆rightk (z) =
P (∞)(z)zα/2σ3
2 (−ξn(z))k
(
(−1)kνk −6kiνk
6ki(−1)kνk νk
)
z−α/2σ3P (∞)(z)−1, 0 < |z − 1| < δ2
∆leftk (z) =
(α, k − 1)(
4φ¯n(z)
)kP (∞)(z)(−z)α/2σ3
(
(−1)k
k (α
2 + k2 − 14)
(
k − 12
)
i
(−1)k+1 (k − 12) i 1k (α2 + k2 − 14)
)
(−z)−α/2σ3P (∞)(z)−1,
✇✐t❤ 0 < |z| < δ3 ❢♦r s♦♠❡ s✉✣❝✐❡♥t❧② s♠❛❧❧ δ2 ❛♥❞ δ3 > 0✳ ❍♦✇❡✈❡r✱ ❢♦r ❛ ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ ♦r ❢✉♥❝t✐♦♥
Q(x)✱ t❤❡ ∆
right/left
k (z) ❛r❡ ❛❧s♦ ❞❡♣❡♥❞❡♥t ♦♥ n✳ ❲❡ ✇✐❧❧ ❡①tr❛❝t t❤❡ n✲❞❡♣❡♥❞❡♥❝❡ ❡①♣❧✐❝✐t❧② ❢♦r ❣❡♥❡r❛❧
♣♦❧②♥♦♠✐❛❧ Q(x)✱ ❛♥❞ ✉s❡ ❝♦♥t♦✉r ✐♥t❡❣r❛❧s ❢♦r ❡❛❝❤ r❡q✉✐r❡❞ n ♦t❤❡r✇✐s❡✳ ∆leftk (z) ❤❛s ♣♦❧❡s ♦❢ ♦r❞❡r ❛t ♠♦st
⌈k/2⌉ ❛t z = 0 ❬✷✽✱ ❘❡♠✳ ✸✳✷✾❪ ❛s ✐♥ t❤❡ ❏❛❝♦❜✐ ❝❛s❡ ❬✻❪✱ ❜✉t ∆rightk (z) ❤❛s ♣♦❧❡s ♦❢ ♦r❞❡r ❛t ♠♦st ⌈3k/2⌉ ❛t
z = 1 ❬✷✽✱ ❘❡♠✳ ✸✳✷✷❪✳ ❚❤❡ ∆k(z) ❛r❡ ✐❞❡♥t✐❝❛❧❧② 0 ♦♥ t❤❡ ♦t❤❡r ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ r❡❣✐♦♥s ✐♥ ❋✐❣✉r❡ ✶✳
❘❡♠❛r❦ ✺✳✶✳ ■❢ α2 = 1/4 ❛s ✐♥ t❤❡ ❍❡r♠✐t❡ ❝❛s❡ ✭s❡❡ ➓ ✼✳✷✮✱ t❤❡♥ ∆leftk (z) ❛♥❞ s
left
k (z) ❛r❡ ③❡r♦ ♠❛tr✐❝❡s
❢♦r k > 1 ❛♥❞ ∆left1 (z) ❛♥❞ s
left
1 (z) ❤❛✈❡ ❛ ❚❛②❧♦r s❡r✐❡s st❛rt✐♥❣ ✇✐t❤ O(1) ♥❡❛r z = 0✳ ❙♦✱ ❛❧❧ U leftk,m ❛r❡ ③❡r♦
♠❛tr✐❝❡s ❛♥❞ ❝❛♥ ❜❡ ❧❡❢t ♦✉t ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❤✐❣❤❡r ♦r❞❡r t❡r♠s✱ ✇❤✐❝❤ ✐s st✐❧❧ ♥❡❡❞❡❞ ❛s t❤❡ U rightk,m ❛r❡
♥♦t ③❡r♦✳
✺✳✷ ❘❡❝✉rs✐✈❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Rk(z) ❢♦r ♠♦♥♦♠✐❛❧ Q(x)
■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ❛r❡ ♥♦ ❢r❛❝t✐♦♥❛❧ ♣♦✇❡rs ♦❢ n ✐♥✈♦❧✈❡❞✱ ❛♥❞ ✇❡ ❝❛♥ r❡♥✉♠❜❡r ✭✷✳✸✮ t♦ s✐♠♣❧✐❢② t❤❡ ❢♦r♠✉❧❛s✿
R(z) ∼ I +
∞∑
k=1
Rk(z)
nk
, n→∞. ✭✺✳✷✮
❇② ❡①♣❛♥❞✐♥❣ t❤❡ ❥✉♠♣ r❡❧❛t✐♦♥ ✭✺✳✶✮ ❛♥❞ ❝♦❧❧❡❝t✐♥❣ t❤❡ t❡r♠s ✇✐t❤ ❡q✉❛❧ ♦r❞❡r ✐♥ n✱ ✇❡ ♦❜t❛✐♥ ❛ ❧✐♥❦ ❜❡t✇❡❡♥
t❤❡ t❡r♠s Rk(z) ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ✭✷✳✸✮ ❛♥❞ t❤❡ ∆k✳ ❋♦r z ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞✐s❦s ✐♥ ❋✐❣✉r❡ ✶✱ ✇❡ ❤❛✈❡
Routerk (z) = R
right/left
k (z) +
k∑
j=1
R
right/left
k−j (z)∆
right/left
j (z) ✭✺✳✸✮
✇✐t❤ R
right/left
0 (z) = I✳ ❖♥❡ ❝❛♥ s♦❧✈❡ t❤❡ ❛❞❞✐t✐✈❡ ❘✐❡♠❛♥♥✲❍✐❧❜❡rt ♣r♦❜❧❡♠ ❛s ❢♦❧❧♦✇s✿
• ❊①♣❛♥❞ t❤❡ s✉♠ ✐♥ ✭✺✳✸✮ ✐♥ ❛ ▲❛✉r❡♥t s❡r✐❡s ❛r♦✉♥❞ z = 0 ❛♥❞ 1✳
• ❉❡✜♥❡ Routerk (z) ❛s t❤❡ s✉♠ ♦❢ ❛❧❧ t❤❡ t❡r♠s ❝♦♥t❛✐♥✐♥❣ str✐❝t❧② ♥❡❣❛t✐✈❡ ♣♦✇❡rs ♦❢ z ❛♥❞ (z − 1)✳ ❙✐♥❝❡
Rk(z) = O(1/z) ❛s z →∞✱ ♣♦s✐t✐✈❡ ♣♦✇❡rs ❞♦ ♥♦t ❝♦♥tr✐❜✉t❡ t♦ Routerk (z)✳
• ❉❡✜♥❡ Rrightk (z) ❛s t❤❡ r❡♠❛✐♥❞❡r ❛❢t❡r s✉❜tr❛❝t✐♥❣ t❤♦s❡ ♣♦❧❡s✳
✶✸
❚❤✐s ❝♦♥str✉❝t✐♦♥ ❡♥s✉r❡s t❤❛t Routerk ✐s ❛♥❛❧②t✐❝ ♦✉ts✐❞❡ t❤❡ ❞✐s❦✱ R
right
k ✐s ❛♥❛❧②t✐❝ ✐♥s✐❞❡ ❛♥❞ ✭✺✳✸✮ ❤♦❧❞s✱ ❛s
r❡q✉✐r❡❞✳ ❆❝❝♦r❞✐♥❣ t♦ ❬✷✽✱ ❘❡♠✳ ✸✳✷✷ ✫ ✸✳✷✾❪✱ ✇❡ ♠❛② ✇r✐t❡
∆
right/left
k (z) ∼
∞∑
i=−⌈3k/2⌉
V
right/left
k,i (z − 1/2∓ 1/2)i,
✇✐t❤ V leftk,p ≡ 0 ❢♦r ❛❧❧ p < −⌈k/2⌉✳ ◆♦t❡ t❤❛t V right/leftk,i ❛r❡ t❤❡ ▲❛✉r❡♥t ❝♦❡✣❝✐❡♥ts ♦❢ ∆right/leftk ❛r♦✉♥❞ z = 1
❛♥❞ z = 0 r❡s♣❡❝t✐✈❡❧②✳ ❲✐t❤ U leftk,p ≡ 0 ❢♦r ❛❧❧ p < −⌈k/2⌉✱ t❤✐s ②✐❡❧❞s
Routerk (z) =
⌈3k/2⌉∑
p=1
(
U rightk,p
(z − 1)p +
U leftk,p
zp
)
. ✭✺✳✹✮
❆t t❤❡ s❛♠❡ t✐♠❡✱ s✐♥❝❡ R
right/left
k (z) ❛r❡ ❛♥❛❧②t✐❝ ✐♥ ③❂1 ✭r❡s♣❡❝t✐✈❡❧② 0✮✱
Rrightk (z) ∼
∞∑
n=0
Qrightk,n (z − 1)n, Rleftk (z) ∼
∞∑
n=0
Qleftk,nz
n, ✭✺✳✺✮
✇✐t❤ s♦♠❡ ❝♦❡✣❝✐❡♥ts Q
right/left
k,n t❤❛t ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛s ✇❡❧❧✱ ❢♦r ❡①❛♠♣❧❡ ✈✐❛ s②♠❜♦❧✐❝ ❞✐✛❡r❡♥t✐❛t✐♦♥✳ ■t
❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛❞❞✐t✐✈❡ ❥✉♠♣ r❡❧❛t✐♦♥ ✭✺✳✸✮✱ t❤❛t
U
right/left
k,p = V
right/left
k,−p +
k−1∑
j=1
⌈3j/2⌉−p∑
l=0
Q
right/left
k−j,l V
right/left
j,−p−l ,
Q
right/left
k,n =

⌈3k/2⌉∑
i=1
(−i
n
)
(±1)i+nU left/rightk,i


− V right/leftk,n −
k−1∑
j=1
⌈3j/2⌉+n∑
l=0
Q
right/left
k−j,l V
right/left
j,n−l .
❍❡r❡✱ t❤❡ (−1)i+nU rightk,i ❝♦rr❡s♣♦♥❞s t♦ t❤❡ Qleftk,n✳ ■♥ ➓ ✺✳✹✱ ✇❡ ✇✐❧❧ ❡①♣❧♦r❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② t♦ ❝♦♠♣✉t❡ t❤❡
♠❛tr✐❝❡s U
right/left
k,m ✳
✺✳✸ ❘❡❝✉rs✐✈❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Rk(z) ❢♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q(x)
❋♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q(x)✱ t❤❡ ∆k(z) ❛r❡ ❛❧s♦ ❞❡♣❡♥❞❡♥t ♦♥ n✱ s♦ ✇❡ ♥❡❡❞ ❢r❛❝t✐♦♥❛❧ ♣♦✇❡rs ♦❢ n✳ ❲❡
✐♥tr♦❞✉❝❡ ▲❛✉r❡♥t ❝♦❡✣❝✐❡♥ts ✇✐t❤ ❛♥ ❡①tr❛ ✐♥❞❡①✱ ✐♥❞✐❝❛t✐♥❣ t❤❡ ♣♦✇❡r ♦❢ n−1/m✱
∆
right/left
k (z) ∼
∞∑
l=0

 ∞∑
i=−⌈3k/2⌉
V
right/left
k,i,l (z − 1/2∓ 1/2)i

n−l/m.
■♥ t❤✐s ❝❛s❡✱ ✇❡ ❞♦ ❤❛✈❡ ❛ ❣❡♥❡r❛❧ ❡①♣❛♥s✐♦♥ ❢♦r R ✐♥ t❡r♠s ♦❢ ❢r❛❝t✐♦♥❛❧ ♣♦✇❡rs✱ ❣✐✈❡♥ ❡❛r❧✐❡r ❜② ✭✷✳✸✮✳
❲❡ ❛rr✐✈❡ ❛t ❚❛②❧♦r s❡r✐❡s ❛♥❞ ▲❛✉r❡♥t ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ❢♦r♠✿
R
right/left
k (z) ∼
∞∑
n=0
Q
right/left
k,n (z − 1/2∓ 1/2)n, ✭✺✳✻✮
Routerk (z) ∼
⌈3/2⌈k/m⌉⌉∑
p=1
(
U rightk,p
(z − 1)p +
U leftk,p
zp
)
.
✶✹
❍❡r❡✱ p ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♣♦❧❡ ❛♥❞ ♠✉st ❜❡ ≤ ⌈3/2⌈k/m⌉⌉✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❛t ✐s t❤❡ ❤✐❣❤❡st
♦r❞❡r ♦❢ t❤❡ ♣♦❧❡ ♦❢ t❤❡ ∆
left/right
q (z) ♠❛tr✐❝❡s ✇❤✐❝❤ ❛♣♣❡❛r ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ✉♣ t♦ O
(
n
k−1
m +1
)
♦❢ t❤❡ ❥✉♠♣
r❡❧❛t✐♦♥
I+
∞∑
k=1
Routerk (z)
n
k−1
m +1
=
(
I +
∞∑
k=1
R
right/left
k (z)
n
k−1
m +1
)I + ∞∑
q=1
∆q(z)
nq

 .
❊①♣❛♥❞✐♥❣ ♥❡❛r z = 0 ♦r 1 ❛♥❞ ❝♦❧❧❡❝t✐♥❣ t❡r♠s ✇✐t❤ t❤❡ s❛♠❡ ✭❢r❛❝t✐♦♥❛❧✮ ♣♦✇❡r ♦❢ n ✐♥ t❤❡ ❥✉♠♣ r❡❧❛t✐♦♥
✭✺✳✶✮✱ ✇❡ ♦❜t❛✐♥✱ ❛❢t❡r s♦♠❡ ♠♦r❡ ❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥s✱
U
right/left
k,p =

 (k−1)/m+1∑
q=⌈(2p−1)/(2±1)⌉
V
right/left
q,−p,k−1+m−qm

+

(k−1)/m∑
q=1
k−1−mq∑
l=0
−p∑
i=−⌈(2±1)q/2⌉
Q
right/left
k−l−mq,−i−pV
right/left
q,i,l

 ,
Q
right/left
j,n =

⌈(2∓1)/2⌈j/m⌉⌉∑
p=1
U
left/right
j,p
(−p
n
)
(±1)n−p

−

(j−1)/m+1∑
q=1
V
right/left
q,n,j−1+m+qm


−

(j−1)/m∑
q=1
j−1−qm∑
l=0
n∑
i=−⌈(2±1)q/2⌉
Q
right/left
j−l−qm,n−iV
right/left
q,i,l

 .
✺✳✹ ❙✐♠♣❧✐✜❝❛t✐♦♥s
❲❡ st❛rt ❜② ✇r✐t✐♥❣ t❤❡ ❥✉♠♣ r❡❧❛t✐♦♥ ✭✺✳✸✮ ✉s✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts Routerk−m(z) ✐♥st❡❛❞ ♦❢ R
right/left
k−m (z)✳
Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❚❤❡ ❥✉♠♣ r❡❧❛t✐♦♥ ✭✺✳✸✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿
R
right/left
k (z) = R
outer
k (z)−
k∑
l=1
Routerk−l (z)s
right/left
l (z) ✭✺✳✼✮
✇✐t❤ R
right/left
0 (z) = I ❛♥❞ ✇✐t❤
s
right/left
l (z) = ∆
right/left
l (z)−
l−1∑
j=1
s
right/left
j (z)∆
right/left
l−j (z). ✭✺✳✽✮
Pr♦♦❢✳ ❚❤✐s ❝❛♥ ❜❡ ♣r♦✈❡♥ ❜② ✐♥❞✉❝t✐♦♥ ❛s ✐♥ ❬✻✱ ➓✹✳✶❪✳
❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ❤❛s t✇♦ ❛❞✈❛♥t❛❣❡s✿
• ❚❤❡ ❥✉♠♣ t❡r♠ ✐♥ ✭✺✳✼✮ ✐s ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ Routerk−l r❛t❤❡r t❤❛♥ Rrightk−l ✱ ❛♥❞ t❤❡ ❢♦r♠❡r ❤❛s ❛ s✐♠♣❧❡
❛♥❞ ♥♦♥✲r❡❝✉rs✐✈❡ ❡①♣r❡ss✐♦♥ ✭✺✳✹✮✳
• ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts sright/leftl ❝❛♥ ❜❡ ❣r❡❛t❧② s✐♠♣❧✐✜❡❞ t♦ ❛ ♥♦♥✲r❡❝✉rs✐✈❡ ❡①♣r❡ss✐♦♥ t♦♦✱
✐♥✈♦❧✈✐♥❣ ❥✉st t❤❡ ∆
right/left
k ✬s✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
Pr♦♣♦s✐t✐♦♥ ✺✳✸✳ ❚❤❡ t❡r♠s s
right/left
l (z) ❞❡✜♥❡❞ ❜② ✭✺✳✽✮ s❛t✐s❢②
s
left/right
l (z) = ∆
left/right
l (z)
❢♦r ♦❞❞ m ❛♥❞
sleftl (z) = ∆
left
l (z)−
4α2 + 2l − 1
(4φ¯n(z))l
(α, l − 1)
2l
I,
✶✺
srightl (z) = ∆
right
l (z)−
νl
(−ξn(z))l I,
❢♦r ❡✈❡♥ m✱ ✇❤❡r❡ ξn ❛♥❞ φ¯n ❛r❡ ❛s ❞❡✜♥❡❞ ✐♥ ➓ ✷✳✸✳
Pr♦♦❢✳ ❚❤✐s ❝❛♥ ❜❡ ♣r♦✈❡♥ ❛❣❛✐♥ ❜② ♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥✱ ❝♦♠♣❧❡t❡❧② ❛♥❛❧♦❣♦✉s t♦ ❬✻✱ ➓❇❪ ❢♦r t❤❡ ❧❡❢t ❝❛s❡✳
❲❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t ❣❝❞(qn, rn+j) ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ♦♥❡✱ ✇❤✐❝❤ ✐s ♥❡❡❞❡❞ ✐♥ ❬✶✸✱ ✉♥❞❡r ✭✶✵❞✮❪✱ ❜✉t t❤❛t t❤❡
s✉❣❣❡st❡❞ ❝❤❛♥❣❡ ✐♥ ✈❛r✐❛❜❧❡s ❝❛♥ ❡❧✐♠✐♥❛t❡ t❤❡ ❝♦♠♠♦♥ ❢❛❝t♦r✳ ❋♦r t❤❡ r✐❣❤t ❝❛s❡✱ t❤❡ ♣r♦♦❢ ✐s ❛❧s♦ ❛♥❛❧♦❣♦✉s✱
❜✉t ✇✐t❤ λj,l−j = aj = (−1)j [36(l − j)j − 1]νl−jνj/2, pj = 1 − 36j(l − j), qj = −(6j − 5)(6j − 7)(l − j + 1)
❛♥❞ fj = 1/l✳
■♥ t❤❡ ♥❡①t ❡q✉❛t✐♦♥s✱ t❤❡ ❝♦❡✣❝✐❡♥ts W
right/left
k,i ❛r❡ t❤❡ ▲❛✉r❡♥t ❝♦❡✣❝✐❡♥ts ♦❢ s
right/left
k ❢♦r ♠♦♥♦♠✐❛❧ Q✱
s
right/left
k (z) ∼
∞∑
i=−⌈3k/2⌉
W
right/left
k,i (z − 1/2∓ 1/2)i. ✭✺✳✾✮
❚❤❡② ❛r❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ U
right/left
k,p ❞✐r❡❝t❧②✱ ❜❛s❡❞ ♦♥ ✭✺✳✼✮✳ ❚❤✐s ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ♥❡❡❞✐♥❣ ❧❡ss ♠❡♠♦r②✱
❛s t❤❡ Q
right/left
k,n ❛r❡ ♥♦t ♥❡❡❞❡❞ ❛♥② ♠♦r❡✳ ❙t✐❧❧ ❢♦r ♠♦♥♦♠✐❛❧ Q(x)✱ t❤❛t ❧❡❛❞s ✉s t♦
U
right/left
k,p = W
right/left
k,−p +
k−1∑
j=1
⌈(2±1)(k−j)/2⌉∑
l=max(p−⌈(2±1)j/2⌉,1)
U
right/left
k−j,l W
right/left
j,l−p
+
k−1∑
j=1
⌈(2±1)j/2⌉−p∑
n=0

⌈(2∓1)(k−j)/2⌉∑
i=1
(±1)i+n
(−i
n
)
U
left/right
k−j,i

W right/leftj,−n−p .
■t ♠✐❣❤t ❜❡ ♥❡❝❡ss❛r② t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♦rt❤♦♥♦r♠❛❧ ♣♦❧②♥♦♠✐❛❧s ♥❡❛r z = 0 ❛♥❞ 1✱ ❢♦r ✇❤✐❝❤ ✐t ✐s
✐♥❛❝❝✉r❛t❡ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡ t♦ ✉s❡ ✭✺✳✼✮ ❛♥❞ ❝❡rt❛✐♥❧② t❤❡ r❡❝✉rs✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✭✺✳✸✮✳ ❙♦
♦♣t✐♦♥❛❧❧②✱ ♦♥❡ ❝❛♥ st✐❧❧ ❝♦♠♣✉t❡ t❤❡ s❡r✐❡s ❡①♣❛♥s✐♦♥ ♦❢ R
right/left
k (z) ❛❢t❡r✇❛r❞s✱ ✉s✐♥❣
Q
right/left
k,n =

⌈(2∓1)k/2⌉∑
i=1
(−i
n
)
(±1)−i−nU left/rightk,i

−W right/leftk,n −
k−1∑
j=1
n+⌈(2±1)(k−j)/2⌉∑
i=n+1
U
right/left
k−j,i−n W
right/left
j,i
−
k−1∑
j=1
n∑
i=−⌈(2±1)j/2⌉
⌈(2∓1)(k−j)/2⌉∑
l=1
( −l
n− i
)
(±1)i−n+lU left/rightk−j,l W right/leftj,i .
❋♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q(x)✱ ✇❡ ❤❛✈❡ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❡①♣❛♥s✐♦♥
s
right/left
k (z) ∼
∞∑
l=0
∞∑
i=−⌈3k/2⌉
W
right/left
k,i,l (z − 1/2∓ 1/2)in−l/m, ✭✺✳✶✵✮
✇❤✐❝❤ ❧❡❛❞s t♦
U rightk,q =

⌊(k−1)/m⌋∑
j=⌊2q/3⌋
W rightj+1,−q,k−1−jm

+ k−1−m∑
l=0
⌊(k−1−l)/m−1⌋∑
j=0
⌈3l/2⌉−q∑
i=max(−⌈3j/2⌉,1−q)
U rightl,q+iW
right
j+1,i,k−1−l−jm−m
+
k−1−m∑
l=0
⌈l/2⌉∑
p=1
U leftl,p
⌊(k−1−l)/m−1⌋∑
j=0
−q∑
i=−⌈3j/2⌉
W rightj+1,i,k−1−l−jm−m
( −p
−q − i
)
,
U leftk,q =

⌊(k−1)/m⌋∑
j=2q
W leftj+1,−q,k−1−jm

+ k−1−m∑
l=0
⌊(k−1−l)/m−1⌋∑
j=0
⌈l/2⌉−q∑
i=max(−⌈j/2⌉,1−q)
U leftl,q+iW
left
j+1,i,k−1−l−jm−m
+
k−1−m∑
l=0
⌈3l/2⌉∑
p=1
U rightl,p
⌊(k−1−l)/m−1⌋∑
j=0
−q∑
i=−⌈j/2⌉
W leftj+1,i,k−1−l−jm−m(−1)q+i+p
( −p
−q − i
)
.
✶✻
✻ ❊①♣❧✐❝✐t s❡r✐❡s ❡①♣❛♥s✐♦♥s ❢♦r s
left/right
k (z) ❛♥❞ ∆
left/right
k (z)
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡r✐✈❡ ❢✉❧❧② ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts W
right/left
k,i ✱ ❞❡✜♥❡❞ ❜② ✭✺✳✾✮ ♦r ✭✺✳✶✵✮
❢♦r ❛ ♠♦♥♦♠✐❛❧✱ ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥ Q r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ❡①♣r❡ss✐♦♥s ❛r❡ ❛♠❡♥❛❜❧❡ t♦
✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇✐t❤♦✉t ❢✉rt❤❡r s②♠❜♦❧✐❝ ♠❛♥✐♣✉❧❛t✐♦♥s✳ ❚❤❡ ♣r♦❝❡ss ❛♥❞ t❡r♠✐♥♦❧♦❣② ♦❢ s②♠❜♦❧s ♠✐♠✐❝❦s
t❤❛t ✉s❡❞ ✐♥ ❬✻❪ ❢♦r ❏❛❝♦❜✐ ♣♦❧②♥♦♠✐❛❧s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛✐♠ t♦ ❜❡ ❝♦✐♥❝✐s❡ ②❡t ❝♦♠♣❧❡t❡ ✭t❤✉s ♥❡❡❞✐♥❣ ❘✉s✲
s✐❛♥ ❝❤❛r❛❝t❡rs✮✿ ✇❡ ❡①♣❛♥❞ s
left/right
k (z) ❛♥❞ ∆
left/right
k (z) ✐♥ ♣♦✇❡r s❡r✐❡s ✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❝♦♠♣✉t❡❞
✉s✐♥❣ ❝♦♥✈♦❧✉t✐♦♥s✳
✻✳✶ ▲❡❢t ❞✐s❦ ✇✐t❤ ♠♦♥♦♠✐❛❧ Q(x)
❋✐rst ✇❡ ❝♦♥s✐❞❡r sleftk (z)✱ ✇❤❡r❡ ✇❡ ❦♥♦✇ t❤❛t W
left
k,i ≡ 0 ∀i < −⌈k/2⌉✳ ❲❡ ❤❛✈❡
∆leftk (z) =
(α, k − 1)
4kφ¯n(z)k
2−ασ3Gk(z)2ασ3 , ✭✻✳✶✮
✇❤❡r❡ Gk ✐s ❞❡✜♥❡❞ ❢♦r ♦❞❞ ❛♥❞ ❡✈❡♥ k ❛s
G♦❞❞k (z) =
α2 + k2 − 14
4kz1/2(z − 1)1/2
(−4z + 2 2i
2i 4z − 2
)
+
(
k − 12
)
i
4z1/2(z − 1)1/2
( −2 cos(yα) −2i cos(yα+1)
−2i cos(yα−1) 2 cos(yα)
)
,
G❡✈❡♥k (z) =
α2 + k2 − 14
4kz1/2(z − 1)1/2
(
4
√
z
√
z − 1 0
0 4z
√
z
√
z − 1
)
+
(
k − 12
)
i
4z1/2(z − 1)1/2
( −2 sin(yα) −2i sin(yα+1)
−2i sin(yα−1) 2 sin(yα)
)
.
❖♥❡ s❤♦✉❧❞ r❡♠❛r❦ t❤❛t (−ϕ(z))α 6= ϕ(z)α(−1)α ✇✐t❤ st❛♥❞❛r❞ ❜r❛♥❝❤ ❝✉ts ✇❤❡♥ ❞❡r✐✈✐♥❣ t❤✐s ❢♦r♠✉❧❛✳
❆❧s♦✱ ✇❡ ❤❛✈❡ ✉s❡❞ ϕ(z) = exp(i arccos(2z − 1)) ❬✷✽✱ ➓✺✳✵❪✳
❚❤❡ ❢✉♥❝t✐♦♥s yγ ❛❜♦✈❡ ❛r❡ ❞❡♣❡♥❞❡♥t ♦♥ z ❜②
yγ = γ (arccos(2z − 1)− π) ,
yγ ∼ −2γ
√
z
∞∑
j=0
ρ1,jz
j , ρ1,j =
(1/2)j
j!(1 + 2j)
,
ykγ ∼ (−2γ
√
z)k
∞∑
j=0
ρk,jz
n, ρk,j =
j∑
l=0
ρk−1,lρ1,j−l.
◆♦t❡ t❤❛t ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❜r❛♥❝❤ ❝✉ts ❢♦r t❤❡ ♣♦✇❡rs✱ yγ ✐s r❡❛❧ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳
❲❡ ✐♥t❡♥❞ t♦ ❡①♣❛♥❞ ❛❧❧ t❡r♠s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ Gk✱ st❛rt✐♥❣ ✇✐t❤
cos(yγ)
2z1/2(z − 1)1/2 ∼ (−16z)
−1/2
∞∑
m=0

1 + m∑
j=1
(−1/2
j
)
(−1)j
{
δ0,m−j +
m−j∑
l=1
(−1)l
(2l)!
(−2γ)2lρ2l,m−j−l
} zm,
sin(yγ)
2z1/2(z − 1)1/2 ∼
γi
2
∞∑
m=0

 m∑
j=0
(−1/2
j
)
(−1)−j
{
m−j∑
l=0
(−1)l
(2l + 1)!
(−2γ)2l+1ρ2l+1,m−j−l
} zm,
✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛ δi,j ✳ ❆❧s♦✱
4z − 2
4z1/2(z − 1)1/2 ∼
i
2
√
z
+
i
2
√
z
∞∑
n=1
(
2
(−1/2
n− 1
)
+
(−1/2
n
))
(−1)nzn.
❲❡ st✐❧❧ ♥❡❡❞ t♦ ❡①♣❛♥❞ t❤❡ ♣♦✇❡r φ¯n(z)
−k ✐♥ ✭✻✳✶✮ ❛s z → 0✳ ❚♦ t❤❛t ❡♥❞✱ ✇❡ ❝❛♥ ❝♦♠❜✐♥❡ ✭✷✳✹✮✱ ✭✷✳✺✮
❛♥❞ ✭✸✳✷✮✳ ■t ✐s q✉✐t❡ st❛♥❞❛r❞✱ ❜✉t ✐♥❝r❡❛s✐♥❣❧② t❡❞✐♦✉s✱ ❢♦r s❡r✐❡s ❡①♣❛♥s✐♦♥s t♦ ✐♥✈♦❧✈❡ ❝♦♥✈♦❧✉t✐♦♥s ✇❤♦s❡
✶✼
❝♦❡✣❝✐❡♥ts ❝❛♥ ❜❡ ❢♦✉♥❞ r❡❝✉rs✐✈❡❧②✳ ❚❤❛t ✐s t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts fj ❛♥❞ gk,m ❜❡❧♦✇✱ ❛♥❞ ✇❡ ✇✐❧❧ ✉s❡
t❤✐s ♣❛tt❡r♥ s❡✈❡r❛❧ t✐♠❡s ♠♦r❡ ✐♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥✿
φ¯n(z) ∼ θ(z)i
√
z
∞∑
j=0
fjz
j , fj = − (1/2)j
j!(1 + 2j)
− 1
2mAm
min(m−1,j)∑
k=0
(−1)j−k
(
1/2
j − k
)
Am−k−1, ✭✻✳✷✮
(φ¯n(z))
−1 ∼ (−z)−1/2
∞∑
m=0
g1,mz
m, g1,0 =
1
f0
, g1,m =
−1
f0
m−1∑
j=0
g1,jfm−j ,
(φ¯n(z))
−k ∼ (−z)−k/2
∞∑
m=0
gk,mz
m, gk,m =
n∑
l=0
gk−1,lg1,m−l.
❚❤❡ ❝♦❡✣❝✐❡♥ts W leftk,i ✐♥ ❡①♣❛♥s✐♦♥ ✭✺✳✾✮ ❢♦r t❤❡ ❢✉♥❝t✐♦♥s s
left
k (z) ❛r❡ ❣✐✈❡♥ ❜②
W leftk,i =
(α, k − 1)
−(−1)⌈k/2⌉+14k 2
−ασ3
i+(k+1)/2∑
j=0
gk,jG
odd
k,i+(k+1)/2−j2
ασ3 ,
W leftk,i =
(α, k − 1)
−(−1)⌈k/2⌉+14k 2
−ασ3

i+k/2∑
j=0
gk,jG
even
k,i+k/2−j

 2ασ3 − (α, k − 1)(4α2 + 2k − 1)gk,i+k/2
2k4k
I,
r❡s♣❡❝t✐✈❡❧② ❢♦r ♦❞❞ ❛♥❞ ❡✈❡♥ k✳ ❚❤❡ V leftk,i ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❧❡❛✈✐♥❣ ♦✉t t❤❡ t❡r♠ ✇✐t❤ I✳
✻✳✷ ❘✐❣❤t ❞✐s❦ ✇✐t❤ ♠♦♥♦♠✐❛❧ Q(x)
❯♥❧✐❦❡ ✐♥ t❤❡ ❏❛❝♦❜✐ ❝❛s❡✱ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ❞✐s❦s ❛r❡ ♥♦t s②♠♠❡tr✐❝✱ s✐♥❝❡ t❤❡② ❝♦rr❡s♣♦♥❞
t♦ q✉❛❧✐t❛t✐✈❡❧② ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ♥❡❛r ❛ ❤❛r❞ ❡❞❣❡ ❛♥❞ ♥❡❛r ❛ s♦❢t ❡❞❣❡✳ ❲✐t❤ w = z−1
❛♥❞ τγ = γ (arccos(2w + 1))✱ ✇❡ ❤❛✈❡
∆rightk (z) =
2−ασ3
2 (−ξn(z))k
Ωk(z)2
ασ3 ,
Ω♦❞❞k (z) =
νk
4
√
w
√
w + 1
(−4w − 2 2i
2i 4w + 2
)
+
−6kνk
4
√
w
√
w + 1
( −2 cos(τα) 2i cos(τα+1)
2i cos(τα−1) 2 cos(τα)
)
,
Ω❡✈❡♥k (z) =νkI +
−6kνk
4
√
w
√
w + 1
( −2i sin(τα) −2 sin(τα+1)
−2 sin(τα−1) 2i sin(τα)
)
.
❋♦r t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ Ωk(z)✱ ✇❡ ♦❜s❡r✈❡ t❤❛t
arccos(1 + 2w) ∼ 2√−w
∞∑
j=0
ρ1,jw
j , ρ1,j =
(1/2)j(−1)j
(1 + 2j)j!
,
[γ arccos(1 + 2w)]m ∼ (2γi)mwm/2
∞∑
j=0
ρm,jw
j , ρm,j =
j∑
l=0
ρm−1,lρ1,j−l,
cos (τγ)√
w2 + w
∼ w−1/2
∞∑
m=0
áγ,mw
m, áγ,m =
m∑
j=0
(−1/2
j
)[m−j∑
l=0
(−1)l
(2l)!
(2γi)2lρ2l,m−j−l
]
,
sin (τγ)√
w2 + w
∼
∞∑
m=0
÷γ,mw
m, ÷γ,m =
m∑
j=0
(−1/2
j
)[m−j∑
l=0
(−1)l
(2l + 1)!
(2γi)2l+1ρ2l+1,m−j−l
]
.
❲✐t❤ t❤❡s❡ ❡①♣r❡ss✐♦♥s ✐♥ ❤❛♥❞✱ ✇❡ ❢♦❝✉s ❛❣❛✐♥ ♦♥ t❤❡ ♣❤❛s❡ ❢✉♥❝t✐♦♥✳ ❲❡ ❝♦♥str✉❝t t❤❡ ♣♦✇❡r s❡r✐❡s ♦❢
ξn(1 + w)
−k ❛s ❢♦❧❧♦✇s✿
[
√
1 + w − 1]m ∼ wm
∞∑
l=0
um,lw
l, u1,l =
(
1/2
l
)
, um,l =
l∑
j=0
um−1,ju1,l−j ,
✶✽
√
2− 2√1 + w ∼ √−2w
∞∑
k=0
rkw
k, v1,j =
(
1/2
j + 2
)
, vm,l =
l∑
j=0
vm−1,jv1,l−j , rk =
k∑
l=0
(
1/2
k − l
)
vk−l,l2k−l,
qm =
m∑
l=0
(1/2)m−lum−l,l
(−2)m−l((m− l)!(1 + 2m− 2l) ,
ξn(1 + w) ∼
√
w
∞∑
j=1
fjw
j ,
fj = 2
j∑
l=0
qlrj−l − 1
mAm
min(m−1,j)∑
k=0
(−1)m−k−1
(
1/2
j − k
)
Γ(−1/2− k)
Γ(1/2−m)Γ(m− k) ✭✻✳✸✮
(−ξn(1 + w))−1 ∼ w−3/2
∞∑
m=0
g1,mz
m, g1,0 =
−1
f1
, g1,m =
−1
f1
m∑
j=1
fj+1g1,m−j ,
(−ξn(1 + w))−k ∼ w−3k/2
∞∑
m=0
gk,mw
m, gk,m =
n∑
l=0
gk−1,lg1,m−l.
❚❤❡ ♣❤❛s❡ ❢✉♥❝t✐♦♥ ξn(z) s❤♦✉❧❞ ❜❡ O
(
(z − 1)3/2) ❬✷✽✱ ❘❡♠✳ ✸✳✷✷❪ ❛♥❞ ✭✻✳✸✮ ✐♥❞❡❡❞ ✐♥❞✐❝❛t❡s t❤❛t f0 =
−2+ 2q0r0 ✐s ③❡r♦✱ s♦ ✇❡ ❤❛✈❡ st❛rt❡❞ t❤❡ ✐♥❞✐❝❡s ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ξn(z) ❢r♦♠ j = 1✳ ❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❡
❑r♦♥❡❝❦❡r ❞❡❧t❛ δi,j ❛♥❞ t❤❛t
(−1/2
−1
)
= 0✱ ✇❡ ❛rr✐✈❡ ❛t t❤❡ ✜♥❛❧ r❡s✉❧t
Ω♦❞❞k,j =
νk
2
(
−(−1/2j )− 2(−1/2j−1 ) i(−1/2j )
i
(−1/2
j
) (−1/2
j
)
+ 2
(−1/2
j−1
)
)
− 3kνk
(
áα,j iáα+1,j
iáα−1,j áα,j
)
,
Ω❡✈❡♥k,j = νkIδ0,j − 3kνk
( −i÷α,j −÷α+1,j
−÷α−1,j i÷α,j
)
,
W rightk,i =
2−ασ3
2

i+⌈3k/2⌉∑
j=0
Ωk,jgk,i+⌈3k/2⌉−j

 2ασ3 ,
t♦ ✇❤✐❝❤ ✇❡ ❛❞❞ −νkgk,i+3k/2I ✇❤❡♥ k ✐s ❡✈❡♥✳
✻✳✸ ▲❡❢t ❞✐s❦ ✇✐t❤ ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q(x)
❲❡ ❝❛♥ r❡✲✉s❡ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ Gk(z)✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❝❛s❡ Hn(z) ❤❛s ❛♥ ❡①♣❛♥s✐♦♥ ✐♥ n✱ ❣✐✈❡♥ ❜② ✭✸✳✽✮✳
❍❡♥❝❡✱ ✇❡ ❤❛✈❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ φ¯n(z) ✭✷✳✺✮ ♥❡❛r z = 0 ❛♥❡✇✱ ❜✉t ❛❢t❡r✇❛r❞s ♦♥❡ ❝♦♥t✐♥✉❡s ❛s
✐♥ ➓✻✳✶ t♦ ❣❡t t❤❡ W leftk,i,l ❢r♦♠ ✭✺✳✶✵✮✿
φ¯n(z) ∼ −θ(z)i
√
z
∞∑
l=0
∞∑
j=0
f ljz
jn−l/m,
f0j =
(1/2)j
j!(1 + 2j)
+
1
2mAm
min(m−1,j)∑
k=0
(−1)j−k
(
1/2
j − k
)
Am−k−1,
f lj =
1
2
min(j,m−1)∑
i=0
(−1)j−i
(
1/2
j − i
) m∑
n=max(i+1,m−l)
qnAn−i−1βn,n+l−m, l > 0,
(φ¯n(z))
−1 ∼ (−z)−1/2
∞∑
l=0
∞∑
j=0
gl1,jz
jn−l/m, g01,0 =
1
f0
, g01,n =
−1
f0
n−1∑
i=0
g01,if
0
n−i,
gl1,i =
i∑
y=0
i−y∑
p=0
g01,i−y−p
l−1∑
q=0
gq1,yf
l−q
p , g
0
k,j =
j∑
l=0
g0k−1,lg1,j−l,
✶✾
(φ¯n(z))
−k ∼ (−z)−k/2
∞∑
l=0
∞∑
j=0
glk,jz
jn−l/m, glk,n =
l∑
j=0
n∑
i=0
gjk−1,ig
l−j
1,n−i.
❚❤✐s ❣✐✈❡s ❛ ♣♦❧❡ ♦❢ ♦r❞❡r O(z−⌈k/2⌉) ✐♥ ∆leftk (z)✱ ❛s ✐t s❤♦✉❧❞ ❬✷✽✱ ❘❡♠ ✸✳✷✾❪✳
✻✳✹ ❘✐❣❤t ❞✐s❦ ✇✐t❤ ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q(x)
❲❡ ❝❛♥ ❛❧s♦ r❡✉s❡ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ Ωk(z) ❛♥❞ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ ξn(z) ✉♣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ fj ✭s♦ t❤❡
❡①♣❛♥s✐♦♥ ♦❢ arccos(
√
z)✮ ❢r♦♠ ➓✻✳✷✳ ❊①♣❛♥❞✐♥❣ ✭✷✳✹✮✱ ✇❡ ❣❡t
ξn(1 + w) ∼
√
w
∞∑
l=0
∞∑
j=1
f ljw
jn−l/m,
f0j =

2min(j,m−1)∑
l=0
qlrj−l

− 1
mAm

min(j,m−1)∑
i=0
(
1/2
j − i
)
(−1)m−i−1 Γ(−1/2− i)
Γ(−1/2−m)Γ(m− i)

 ,
f lj =
−1
2
m−1∑
k=0

 m∑
z=max(k+1,m−l)
qzAz−k−1βz,z+l−m




min(k,j)∑
i=0
(
1/2
j − i
)(
k
i
)
 . ✭✻✳✹✮
■t ❢♦❧❧♦✇s ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ✐♥ ➓ ✸✳✷ t❤❛t f l0 = 0✳ ❚❤✉s✱ (−ξn(1 + w))−k ❛❣❛✐♥ ❤❛s ❛ ♣♦❧❡ ♦❢ ♦r❞❡r O(w−3k/2)✿
(−ξn(1 + w))−1 ∼ w−3/2
∞∑
l=0
∞∑
j=0
gl1,jw
jn−l/m, g01,0 =
−1
f01
, g01,i =
−1
f1
i∑
j=1
f0j+1g
0
1,i−j ,
gl1,i =
i−1∑
y=0
i−y∑
p=1
g01,i−y−p
l−1∑
q=0
gq1,yf
l−q
p+1, g
0
k,j =
j∑
l=0
g0k−1,lg1,j−l,
(−ξn(1 + w))−k ∼ w−3k/2
∞∑
l=0
∞∑
j=0
glk,jw
jn−l/m, glk,n =
l∑
j=0
n∑
i=0
gjk−1,ig
l−j
1,n−i.
✻✳✺ ▲❡❢t ❞✐s❦ ✇✐t❤ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥ Q(x)
❋♦r ❣❡♥❡r❛❧ Q✱ t❤❡ ▼❘❙ ♥✉♠❜❡r βn ✐s ❞❡♣❡♥❞❡♥t ♦♥ n ✐♥ ❛ ✇❛② t❤❛t ✐s ♥♦t ❡❛s② t♦ ♣r❡❞✐❝t✱ s❡❡ ❢♦r ❡①❛♠♣❧❡
✭✸✳✶✶✮✳ ❆s ❛ r❡s✉❧t✱ s♦ ✐s Vn(x)✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ s❡r✐❡s ❡①♣❛♥s✐♦♥s t❤❛t ❢♦r♠ t❤❡ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ❛r❡
❛❧s♦ ❞❡♣❡♥❞❡♥t ♦♥ n✳ ❍❡♥❝❡✱ str✐❝t❧② s♣❡❛❦✐♥❣✱ t❤❡② ❛r❡ ♥♦t t❤❡ tr✉❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s✳ ❍♦✇❡✈❡r✱ ❢♦r
❛♥② ❣✐✈❡♥ n t❤❡② ❝❛♥ st✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ❣✐✈❡ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✳ ❲❡
♣r♦❝❡❡❞ ❜② ❡①♣❛♥❞✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ hn ✐♥ ❛ ❚❛②❧♦r s❡r✐❡s✱ ✉s✐♥❣ ❝♦♥t♦✉r ✐♥t❡❣r❛❧s ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts ✭s❡❡ ❛❧s♦
➓ ✸✳✸✮✿
hn(z) ∼
∞∑
l=0
dl(n)z
l, dl(n) =
1
2πi
∮
Γz
√
yV ′n(y)dy√
y − 1yl+1 , ✭✻✳✺✮
❈♦♥t✐♥✉✐♥❣ t❤❡ ❛♥❛❧②s✐s ❛s ❜❡❢♦r❡✱ ✇❡ ✜♥❞ ❛♥ ❡①♣❛♥s✐♦♥ ❢♦r φ¯n✱
√
y2 − 1hn(y2) ∼ i

 ∞∑
p=0
(−1)p
(
1/2
p
)
y2p

[ ∞∑
l=0
dl(n)y
2l
]
∼ i
∞∑
k=0
öky
2k
φ¯n(z) =
−1
2
∫ z
1
√
y − 1√
y
hn(y)dy − πi
2
=
−1
2
∫ √z
0
√
y2 − 1hn(y2)dy,
φ¯n(z) ∼ −1
2
∞∑
l=0
√
z
l+1
(l + 1)!
∂li
∑∞
k=0 ökx
2k
∂xl
∣∣∣∣
x=0
∼ −i
√
zhn(0)
2
− z
4
[
2
√
zhn(z)√
z − 1 +
√
z − 1h′n(z)2
√
z
]
+ · · · ,
✷✵
φ¯n(z) ∼ −θ(z)i
√
z
∞∑
j=0
fj(n)z
j , fj(n) =
−1
2(2j + 1)
j∑
l=0
(−1)l
(
1/2
l
)
dj−l(n),
✇❤❡r❡ ✇❡ ✉s❡❞ ✭✷✳✺✮ ❛♥❞ t❤❡ ♣♦✇❡r s❡r✐❡s ♦❢ ❛♥ ✐♥t❡❣r❛❧✳ ❲❡ ♣❧✉❣ t❤✐s ✐♥t♦ ✭✻✳✷✮ ❛♥❞ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ♦t❤❡r
❡q✉❛t✐♦♥s ✐♥ ➓ ✻✳✶ t♦ ❣❡t t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ sleftk (z) ❢♦r ❣❡♥❡r❛❧ Q(x)✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠❛tr✐❝❡s ❛r❡ ❛❧s♦ tr❡❛t❡❞ ❛s
❢♦r ♠♦♥♦♠✐❛❧ Q(x) ✐♥ ➓ ✺✳✷ ❛♥❞ ✺✳✹ t♦ ♦❜t❛✐♥ t❤❡ U ✲ ❛♥❞ Q✲♠❛tr✐❝❡s✳
✻✳✻ ❘✐❣❤t ❞✐s❦ ✇✐t❤ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥ Q(x)
❲❡ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❜② ❡①♣❛♥❞✐♥❣ hn(z) ✉s✐♥❣ ❝♦♥t♦✉r ✐♥t❡❣r❛❧s✿
hn(z) ∼
∞∑
l=0
cl(n)(z − 1)l, cl(n) = 1
2πi
∮
Γz
√
yV ′n(y)dy√
y − 1(y − 1)l+1 . ✭✻✳✻✮
❲❡ ❝❛♥ ❛❣❛✐♥ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ♣❤❛s❡ ❢✉♥❝t✐♦♥✿
ξn(z) =
−1
2
∫ z
1
√
y − 1√
y
hn(y)dy =
−1
2
∫ √w
0
t√
t2 + 1
hn(t
2 + 1)2tdt,
t2√
t2 + 1
hn(t
2 + 1) ∼ t2
∞∑
j=0
÷jt
2j , ÷j =
j∑
l=0
(−1/2
l
)
cj−l(n),
ξn(1 + w) ∼
√
w
∞∑
j=1
fj(n)w
j , fj(n) =
−1
2j + 1
j−1∑
l=0
(−1/2
l
)
cj−1−l(n).
❘❡♠❛r❦ ✻✳✶✳ ❘❡♠❛r❦ t❤❛t ✐♥ ♦r❞❡r t♦ ✉s❡ t❤❡s❡ ❡①♣r❡ss✐♦♥s✱ ♦♥❡ ♦♥❧② ♥❡❡❞s t♦ ✭♥✉♠❡r✐❝❛❧❧②✮ ❝♦♠♣✉t❡ βn
❛♥❞ t❤❡ ❝♦♥t♦✉r ✐♥t❡❣r❛❧s✳ ■♥ ❝♦♥tr❛st✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ m t✐♠❡s ♠♦r❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❝❛s❡ Q(x) ✐s ❛
❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ t♦ ❝♦♠♣✉t❡ ✭✻✳✹✮✱ ❡✈❡♥ t❤♦✉❣❤ ✇❡ ❝❛♥ ❛❧s♦ ❥✉st ✉s❡ t❤♦s❡ s❛♠❡ ❝♦♥t♦✉r ✐♥t❡❣r❛❧s✳ ❆ ❜r✐❡❢
♥✉♠❡r✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ✐s ❣✐✈❡♥ ✐♥ ➓ ✼✳✹✱ ❛♥❞ ✇❡ ❝❛♥ ♥♦t❡ t❤❛t t❤❡ ❡①♣r❡ss✐♦♥s t❤❛t ✇❡ ❤❛✈❡ s♣❡❝✐✜❝❛❧❧② ❞❡r✐✈❡❞
❢♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q ❛r❡ ❢✉❧❧② ❡①♣❧✐❝✐t✳
✼ ❊①❛♠♣❧❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
✼✳✶ ▼♦♥♦♠✐❛❧ Q(x)
❆ ❝❛s❡ ♦❢ s♣❡❝✐✜❝ ✐♥t❡r❡st ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ●❛✉ss✐❛♥ q✉❛❞r❛t✉r❡ ✐s t❤❡ st❛♥❞❛r❞ ▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧✳ ❲❡
✐❧❧✉str❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ ❧❡❢t ❞✐s❦ ✉s✐♥❣ ♦✉r s✐♠♣❧✐✜❝❛t✐♦♥s ✭✭✺✳✼✮ ❛♥❞
♣r♦♣♦s✐t✐♦♥ ✺✳✸✮ ✐♥ t❤❡ ❧❡❢t ♣❛rt ♦❢ ❋✐❣✉r❡ ✷✳ ❚❤❡ ✈❛❧✉❡s ✇❡ ❝♦♠♣❛r❡ ✇✐t❤ ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❛ r❡❝✉rr❡♥❝❡
r❡❧❛t✐♦♥ ❢♦r ♦rt❤♦♥♦r♠❛❧ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ❡①❛❝t ❝♦❡✣❝✐❡♥ts ✇✐t❤ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✳ ❲❡ ❡✈❛❧✉❛t❡
❛t ❛ ♣♦✐♥t ❝❧♦s❡ t♦ t❤❡ ♥♦r♠❛❧✐③❡❞ ♦r✐❣✐♥✳ ❚❤❡ ❡rr♦rs ❞❡❝r❡❛s❡ ❛s O(n−T ) ✇✐t❤ T t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠s ❛s
❡①♣❡❝t❡❞✳ ❋♦r s♠❛❧❧ n✱ t❤❡ ❡①♣❛♥s✐♦♥s ♠❛② ❞✐✈❡r❣❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ T ❛♥❞ t❤❡ ❡rr♦rs s❛t✉r❛t❡ ❛t ❛❜♦✉t 10−14✳
■♥ t❤❡ r✐❣❤t ♣❛rt ♦❢ ❋✐❣✉r❡ ✷✱ ✇❡ s❤♦✇ r❡s✉❧ts ❢♦r ❛♥♦t❤❡r ♠♦♥♦♠✐❛❧ Q(x)✱ ✇❤❡r❡ t❤❡ ❤✐❣❤❡r ♦r❞❡r t❡r♠s
❛r❡ ♥♦✇ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ✭✺✳✺✮ ✇❤❡r❡ t❤❡ s✉♠♠❛t✐♦♥ ✐♥❞❡① n r❛♥❣❡s ❢r♦♠ 0 t♦ 11✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ ✉s❡❞ ❤✐❣❤✲
♣r❡❝✐s✐♦♥ ❛r✐t❤♠❡t✐❝ t♦ ❝♦♠♣✉t❡ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ✉s✐♥❣ st❛♥❞❛r❞ ♠❡t❤♦❞s✳ ■♥ t❤❡ ❝♦♥t✐♥✉♦✉s ▲❛♥❝③♦s
❛❧❣♦r✐t❤♠ ❬✷✼✱ ❆❧❣♦ ✸✼✳✶❪ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ r❡❝✉rr❡♥❝❡ ❝♦❡✣❝✐❡♥ts✱ ✇❡ ❤❛✈❡ t♦ ❡✈❛❧✉❛t❡ ✐♥t❡❣r❛❧s
s✉❝❤ ❛s an =
∫∞
0 x
α+1 exp(−Q(x))p2n−1(x)dx✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ s✉✣❝✐❡♥t❧② ❛❝❝✉r❛t❡ ❵❡①❛❝t✬ r❡s✉❧ts ✉s✐♥❣ t❤❡
r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥✱ ✇❡ ❤❛❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ r❡❝✉rr❡♥❝❡ ❝♦❡✣❝✐❡♥ts ✇✐t❤ ✷✻ ❞✐❣✐ts ♦❢ ❛❝❝✉r❛❝②✱ ❛ ❝♦♠♣✉t❛t✐♦♥
t❤❛t ✇❡ ♣❡r❢♦r♠❡❞ ✐♥ ❏✉❧✐❛✳ ❆❧❧ ❝♦♠♣✉t❛t✐♦♥s ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ st❛♥❞❛r❞
✢♦❛t✐♥❣ ♣♦✐♥t ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✳ ❍❛✈✐♥❣ s❛✐❞ t❤❛t✱ t❤❡ ❡rr♦rs ❛❣❛✐♥ ❞❡❝r❡❛s❡ ❧✐❦❡ O(n−T ) ❛s ✇❡ ❡①♣❡❝t✱ ❤❡♥❝❡
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❤✐❣❤❡r ♦r❞❡r t❡r♠s ❛r❡ ❝♦♠♣✉t❡❞ ❝♦rr❡❝t❧②✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts
γn✱ αn ❛♥❞ βn✱ ❛♥❞ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ t❤❡ ♦t❤❡r r❡❣✐♦♥s ❛♥❞ ❢♦r ♦t❤❡r ✈❛❧✉❡s ♦❢ x ❡①❤✐❜✐t s✐♠✐❧❛r ❜❡❤❛✈✐♦✉r✳
✷✶
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❋✐❣✉r❡ ✷✿ ❘❡❧❛t✐✈❡ ❡rr♦r ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ ❧❡❢t ❜♦✉♥❞❛r② r❡❣✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡❣r❡❡✱
❢♦r w(x) = e−x, x = 4n/1000 ✭❧❡❢t✮ ❛♥❞ w(x) = x2.8 exp(−0.7x3 − 3/2), x = βn(1− i)/100 ✭r✐❣❤t✮✳
✼✳✷ ❈♦♥♥❡❝t✐♦♥ ✇✐t❤ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧s
❬✶✾✱ ✶✽✳✼✳✶✼❪ st❛t❡s t❤❛t H2n(x) = (−1)n22nn!L(−1/2)n (x2)✱ ❜✉t ❛s t❤❡s❡ ❡❛s✐❧② ♦✈❡r✢♦✇ ♥✉♠❡r✐❝❛❧❧②✱ ✇❡ ❝♦♥✲
str✉❝t ♥♦r♠❛❧✐③❡❞ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧s ❜②
H♥♦r♠0 (x) = π
−1/4, H♥♦r♠−1 (x) = 0, H
♥♦r♠
j (x) =
2xH♥♦r♠j−1 (x)√
2j
− (j − 1)H
♥♦r♠
j−2 (x)√
j(j − 1) .
❆s (2n)!
√
π = n!4nΓ(n+1/2)✱ ✇❡ ❤❛✈❡ t❤❛t H♥♦r♠2n (x) = L
(−1/2),♥♦r♠
n (x2)✱ t❤❡ ♥♦r♠❛❧✐③❡❞ ❛ss♦❝✐❛t❡❞ ▲❛❣✉❡rr❡
♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ♣♦s✐t✐✈❡ ❧❡❛❞✐♥❣ ❝♦❡✣❝✐❡♥t✳ ■♥ t❤❡ ❧❡❢t ♣❛rt ♦❢ ❋✐❣✉r❡ ✸✱ ✇❡ s❡❡ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥
✐♥ t❤❡ r✐❣❤t ❞✐s❦ ✭✹✳✸✮ ✭❢♦r t❤❡ s✉♠♠❛t✐♦♥ ✐♥❞❡① n ❢r♦♠ 0 t♦ 10✮ ❝♦♥✈❡r❣❡s ❛s ❡①♣❡❝t❡❞ t♦ H♥♦r♠2n (x) ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ n✱ ❡✈❛❧✉❛t❡❞ ❛t x2 = 0.97(4n) ✉s✐♥❣ ✭✺✳✺✮✱ Q(x) = x ❛♥❞ α = −1/2✳
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❋✐❣✉r❡ ✸✿ ❘❡❧❛t✐✈❡ ❡rr♦r ♦♥ t❤❡ ♥♦r♠❛❧✐③❡❞ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❛s✲
s♦❝✐❛t❡❞ ▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧ n✱ ❢♦r w(x) = exp(−x2), H2n(x), x =
√
3.88n ✭❧❡❢t✮ ❛♥❞ w(x) = exp(−x4 +
3x2), H2n+1(x), x =
√
0.31βn ✭r✐❣❤t✮✳ ❆❧❧ ❝❛❧❝✉❧❛t✐♦♥s ✭❛❧s♦ t❤❡ r❡❝✉rr❡♥❝❡ ❝♦❡✣❝✐❡♥ts✮ ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥
❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✳
❋♦r ♦❞❞ ❞❡❣r❡❡s✱ ❛ s✐♠✐❧❛r r❡❛s♦♥✐♥❣ ❣✐✈❡sH♥♦r♠2n+1(x) = xL
(1/2),♥♦r♠
n (x2)✳ ◆♦✇✱ ✇❡ ❡①♣❧♦r❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢
❛ ❣❡♥❡r❛❧✐③❡❞ ✇❡✐❣❤t exp(−x4+3x2) ♦♥ (−∞,∞) ✇✐t❤ ❛ ✇❡✐❣❤t exp(−x2+3x) ♦♥ [0,∞)✱ ✉s✐♥❣ t❤❡ ❡①♣❛♥s✐♦♥ ✐♥
✷✷
t❤❡ ❧❡♥s ✭✹✳✶✮✳ ❆❧t❤♦✉❣❤ t❤❡ r✐❣❤t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✸ s❤♦✇s ❤✐❣❤❡r ❡rr♦rs✱ ✇❡ ❞♦ ❣❡t t❤❡ O(n−T/m) ❝♦♥✈❡r❣❡♥❝❡
✇❡ ❡①♣❡❝t✱ ✇✐t❤ T t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠s ❛♥❞ m = 2✳ ■t ❛❧s♦ ✐❧❧✉str❛t❡s t❤❛t t❛❦✐♥❣ ♠♦r❡ t❡r♠s ✐s ♥♦t ❛❧✇❛②s
❛❞✈❛♥t❛❣❡♦✉s✱ ❛s t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❞✐✈❡r❣❡ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ T ❢♦r ❛ ✜①❡❞ n✳ ❚❤✐s ❡✛❡❝t ✐s ♠♦r❡
♣r♦♥♦✉♥❝❡❞ ✇❤❡♥ n ✐s ❧♦✇✳
■♥ ❜♦t❤ ❝❛s❡s✱ α2 = 1/4 ❛♥❞ t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ ❇❡ss❡❧ r❡❣✐♦♥ ❡①❤✐❜✐ts tr✐❣♦♥♦♠❡tr✐❝ ❜❡❤❛✈✐♦✉r ❛s ✐♥
t❤❡ ❧❡♥s✳ ❯♥❧✐❦❡ ✐♥ t❤❡ ❏❛❝♦❜✐ ❝❛s❡ ❬✻✱ ➓✷✳✻❪✱ t❤❡② ❛r❡ ♥♦t ❡①❛❝t❧② ❡q✉❛❧ ❢♦r t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ t❡r♠s✱ ❜✉t
t❤❡② ❛❣r❡❡ ♠♦r❡ ❛♥❞ ♠♦r❡ ✐❢ n ❛♥❞✴♦r T ✐♥❝r❡❛s❡✭s✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❤✐❣❤❡r ♦r❞❡r t❡r♠s ❝❛♥ ❜❡
✐♠♣r♦✈❡❞ ✐♥ t❤✐s ❝❛s❡ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❘❡♠❛r❦ ✺✳✶✳
❖♥❡ ❝♦✉❧❞ ❛❧s♦ ❣♦ t❤r♦✉❣❤ ❬✼❪ t♦ ♦❜t❛✐♥ ❛s②♠♣t♦t✐❝s ♦❢ ❍❡r♠✐t❡✲t②♣❡ ♣♦❧②♥♦♠✐❛❧s✱ ❛♥❞ t❤❡r❡ ❛r❡ ✐♥❞❡❡❞
♠❛♥② ❛♥❛❧♦❣✐❡s ❜❡t✇❡❡♥ ❜♦t❤ ❛♣♣r♦❛❝❤❡s✱ ❛s ❬✷✽❪ ✇❛s ✐♥s♣✐r❡❞ ❜② ✐t✳ ❖♥❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❡①♣❧♦✐t✐♥❣ t❤❡ ❝♦♥♥❡❝✲
t✐♦♥ ✇✐t❤ ▲❛❣✉❡rr❡✲t②♣❡ ♣♦❧②♥♦♠✐❛❧s ✐s t❤❛t t❤❡ U leftk,m ♠❛tr✐❝❡s ❛r❡ ③❡r♦ s♦ t❤❡✐r ❝♦♠♣✉t❛t✐♦♥s ❝❛♥ ❜❡ ♦♠✐tt❡❞✱
✇❤✐❧❡ t❤❡ ♦t❤❡r ❛♣♣r♦❛❝❤ ❝♦♠♣✉t❡s U ✲♠❛tr✐❝❡s ♥❡❛r ❜♦t❤ s♦❢t ❡❞❣❡s ✇❤❡♥ str❛✐❣❤t❢♦r✇❛r❞❧② ✐♠♣❧❡♠❡♥t❡❞ ✐♥
❛♥ ❛♥❛❧♦❣♦✉s ✇❛②✳
✼✳✸ ●❡♥❡r❛❧ ❢✉♥❝t✐♦♥ Q(x)
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈✐❞❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r ♦✉r ❝❧❛✐♠ t❤❛t t❤❡ ❡①♣❛♥s✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ ❢♦r ❣❡♥❡r❛❧
❢✉♥❝t✐♦♥s Q(x) ❢♦r t❤❡ ❝❛s❡ Q(x) = exp(x)✳ ❲❡ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ✈❡r✐❢② t❤❛t
∫ β
0 exp(x)
√
x/(β − x)dx/2/π
❛❣r❡❡s ♥✉♠❡r✐❝❛❧❧② ✇✐t❤ β exp(β/2)[I0(β/2) + I1(β/2)]/4✱ s❡❡ ✭✸✳✶✵✮✱ ❛s ❧♦♥❣ ❛s t❤❡s❡ ❞♦ ♥♦t ♦✈❡r✢♦✇✳ ❆❞❞✐✲
t✐♦♥❛❧❧②✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣❛♥s✐♦♥ ♦❢ βn ✭✸✳✶✶✮ ❝♦♥✈❡r❣❡s ✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ r❛t❡✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✹✳
❲❡ ❛❧s♦ s❤♦✇ t❤❛t ✇❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤✐s s♣❡❝✐❛❧ ♦rt❤♦♥♦r♠❛❧ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ ❜✉❧❦ ♦❢ ✐ts s♣❡❝tr✉♠ ✉s✐♥❣
✭✹✳✶✮ ✐♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ ❋✐❣✉r❡ ✹✳ ❚❤❡ r❡❢❡r❡♥❝❡ r❡s✉❧ts ✇❡r❡ ❛❣❛✐♥ ❝♦♠♣✉t❡❞ ✉s✐♥❣ r❡❝✉rr❡♥❝❡ ❝♦❡✣❝✐❡♥ts
✇✐t❤ ✷✻ ❞✐❣✐ts✳ ❚❤❡ ❡rr♦rs ❛❣r❡❡ ✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ ♦r❞❡rs ✇❤✐❝❤ ❛r❡ ♦♥❧② ♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ♣♦✇❡rs ♦❢ n✳ ❚❤✐s
✐s ❜❡❝❛✉s❡ ♦t❤❡r t②♣❡s ♦❢ ❞❡♣❡♥❞❡♥❝✐❡s ♦♥ n ❛r✐s✐♥❣ ❢r♦♠ βn ✭❡✳❣✳ t❤❡ O(n−1/m) ❢♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q(x)✮
✇❡r❡ ❡❧✐♠✐♥❛t❡❞ ❜② ❢♦r ❡❛❝❤ n ♥✉♠❡r✐❝❛❧❧② ❝♦♠♣✉t✐♥❣ βn ❛♥❞ t❤❡ ❝♦♥t♦✉r ✐♥t❡❣r❛❧s ✭✻✳✺✮ ❛♥❞ ✭✻✳✻✮✳
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❋✐❣✉r❡ ✹✿ ❊rr♦r ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ βn ✭❧❡❢t✮ ❛♥❞ pn(0.6βn) ✭r✐❣❤t✮ ❢♦r w(x) =
x−1/2 exp(− exp(x))✳
✼✳✹ ●❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q(x) ❛❧s♦ ✉s❡❞ ❛s ❛ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥
❋♦r t❤✐s ❡①♣❡r✐♠❡♥t✱ ✇❡ r❡❝❛❧❧ ❘❡♠❛r❦s ✸✳✶ ❛♥❞ ✻✳✶✱ ✇❤✐❝❤ st❛t❡ t❤❛t ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❣❡♥❡r❛❧
❢✉♥❝t✐♦♥s ❛❧s♦ ❢♦r ♣♦❧②♥♦♠✐❛❧ Q(x)✳ ❋✐❣✉r❡ ✺ ♣r♦✈✐❞❡s ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❛❝❝✉r❛❝② ♦❜t❛✐♥❡❞ ❢♦r Q(x) =
x6 − 2.1x5 + 3x3 − 6x2 + 9✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧s ✇♦✉❧❞ ♥❡❡❞ ❛❜♦✉t m = 6 t✐♠❡s ♠♦r❡
t❡r♠s t♦ ❛❝❤✐❡✈❡ t❤❡ s❛♠❡ ♦r❞❡r ✐♥ n ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ t❤❛♥ t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥s✳
❍♦✇❡✈❡r✱ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠s ✐s t♦♦ ❧♦✇ ✐♥ t❤❡ ❧❡❢t ♣❛rt ♦❢ t❤❡ ✜❣✉r❡✱ ✇❡ ❛♣♣❡❛r t♦ s❡❡ ❛ ❞✐✈❡r❣❡♥❝❡✳
✷✸
❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ❛❝❝✉r❛❝✐❡s ♦❢ t❤❡ ♣❤❛s❡ ❢✉♥❝t✐♦♥ fn(z) ❛♥❞ t❤❡ ▼❘❙ ♥✉♠❜❡r βn ❛r❡ t♦♦ ❧♦✇ t♦ ❝❛♥❝❡❧ ♦✉t
t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❜❡❤❛✈✐♦✉r exp(n(Vn(z) + ln)/2) ✐♥ ✭✹✳✸✮ ✇❤❡♥ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t♦♦ ❢❡✇ t❡r♠s✳ ❚❤❡ r❡❢❡r❡♥❝❡
r❡❝✉rr❡♥❝❡ ❝♦❡✣❝✐❡♥ts ✇❡r❡ ❛❣❛✐♥ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ✷✻ ❞✐❣✐ts✱ ❜✉t ✇❡ ❛♣♣❡❛r t♦ s❡❡ ❛♥ O(n) ❡rr♦r ✐♥ t❤❡ r✐❣❤t
♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✺ ❛t ❧♦✇ ❡rr♦rs✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ✇♦✉❧❞ ♥❡❡❞ ❡✈❡♥ ♠♦r❡ ❞✐❣✐ts ❢♦r t❤✐s ♠♦r❡ ❞✐✣❝✉❧t ✇❡✐❣❤t
❢✉♥❝t✐♦♥ ✐❢ ✇❡ ✇♦✉❧❞ ♥❡❡❞ t♦ s❡❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ❡①♣❛♥s✐♦♥s ✇✐t❤ ♠♦r❡ t❤❛♥ t❤r❡❡ t❡r♠s ❛♥❞ ❛❧❧ n✳
❍♦✇❡✈❡r✱ ❝♦♠♣✉t✐♥❣ ❛❧❧ r❡❝✉rr❡♥❝❡ ❝♦❡✣❝✐❡♥ts ✐s ❛ ✈❡r② t✐♠❡ ❝♦♥s✉♠✐♥❣ ♦♣❡r❛t✐♦♥✱ ✇❤✐❧❡ ✉s✐♥❣ ❛s②♠♣t♦t✐❝s
❝❛♥ ❜❡ ♠♦r❡ ❛❝❝✉r❛t❡ ❛♥❞ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❢❛st❡r✳
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❋✐❣✉r❡ ✺✿ ❘❡❧❛t✐✈❡ ❡rr♦r ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ pn((0.99 + 0.02i)βn) ✐♥ t❤❡ r✐❣❤t ❞✐s❦ ✉s✐♥❣ t❤❡
Q✲♠❛tr✐❝❡s ❢♦r w(x) = x−1.1 exp(−x6 + 2.1x5 − 3x3 + 6x2 − 9) ✉s✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧s
Q(x) ✭❧❡❢t✮ ❛♥❞ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥s Q(x) ✭r✐❣❤t✮✳ ◆♦t❡ t❤❛t t❤❡s❡ ❛r❡ ♥♦t ❞✐r❡❝t❧② ❝♦♠♣❛r❛❜❧❡✱ ❛s ❡❛❝❤ t❡r♠
❣✐✈❡s ❛ O(n−T/m) ❡rr♦r ✐♥ t❤❡ ❧❡❢t ♣❛rt✱ ✇❤✐❧❡ t❤✐s ✐s O(n−T ) ❢♦r t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧s✳
❚❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥s t❤✉s ♣r♦✈✐❞❡s ❛ ❤✐❣❤❡r ❛❝❝✉r❛❝② ✭❢♦r t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ t❡r♠s✮✱ ❛❧s♦
❜❡❝❛✉s❡ βn ✐s ❝♦♠♣✉t❡❞ ✉♣ t♦ ❛♥ ❛❝❝✉r❛❝② ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✳ ❚❛❜❧❡ ✶ s❤♦✇s t❤❛t ❛❧s♦ t❤❡ ♣r❡❝♦♠♣✉t❛t✐♦♥s
✭❝♦♠♣✉t✐♥❣ t❤❡ U ❛♥❞ Q♠❛tr✐❝❡s ❛s ✐♥ ➓ ✺ ❛♥❞ ✻✮ ❛r❡ ❢❛st❡r ✉s✐♥❣ ▼❛t❧❛❜✷✵✶✻❜ ♦♥ ❛ 64✲❜✐t ❧❛♣t♦♣ ✇✐t❤ 7.7 ●❇
♠❡♠♦r② ❛♥❞ 4 ■♥t❡❧✭❘✮ ❈♦r❡✭❚▼✮ ✐✼✲✸✺✹✵▼ ❈P❯✬s ❛t 3.0 ●❤③✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❡❛♥ t✐♠❡ ♦✈❡r t❤❡ ✈❛❧✉❡s ♦❢ n
✐♥ ❋✐❣✉r❡ ✺ ♥❡❡❞❡❞ ❢♦r ❡✈❛❧✉❛t✐♥❣ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐s ♠✉❝❤ ❤✐❣❤❡r ❜❡❝❛✉s❡ t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥s
❝♦♠♣✉t❡❞ ❞♦✉❜❧❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛❧s✱ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ ➓ ✸✳✸✳ ❚❤✉s✱ t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧ Q(x)
❝❛♥ ❜❡ ♣r❡❢❡r❛❜❧❡ ✇❤❡♥ ♠❛♥② ❡✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❛r❡ ♥❡❡❞❡❞✳ ❚❤❡ ✜rst r♦✇ ♦❢ ❚❛❜❧❡ ✶ ❛❧s♦ s❤♦✇s
t❤❛t t❤❡ t✐♠❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❣r♦✇s ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ t❡r♠s✿ t❤❡ ❝♦♠♣❧❡①✐t② ✐s O(T 2) t❤r♦✉❣❤
✭✺✳✻✮ ❛♥❞ ✭✷✳✸✮ ✐❢ ❜♦t❤ ✐♥❞✐❝❡s n ❛♥❞ k ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ T ✳ ❚❤❡ ♣r❡❝♦♠♣✉t❛t✐♦♥s r❡q✉✐r❡ O(T 5) ♦♣❡r❛t✐♦♥s
❢♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧s ❞✉❡ t♦ t❤❡ ❞♦✉❜❧❡ s✉♠♠❛t✐♦♥ ❢♦r glk,n ✐♥ ➓ ✻✳✸✳ ❋♦r ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥s ❤♦✇❡✈❡r✱ t❤❛t
❞❡r✐✈❛t✐♦♥ ♦❢ ❤✐❣❤❡r ♦r❞❡r t❡r♠s ❤❛s t♦ ❜❡ r❡♣❡❛t❡❞ ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ n✳
❚✐♠❡ ✭s✮ Pr❡❝♦♠♣✉t❛t✐♦♥s T = 1 T = 4 T = 7
●❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧s ✺✳✼✸❡✵ ✹✳✻✾❡✲✸ ✻✳✾✺❡✲✸ ✽✳✶✺❡✲✸
●❡♥❡r❛❧ ❢✉♥❝t✐♦♥s ✶✳✾✻❡✲✶ ✷✳✷✹❡✲✶ ✷✳✷✹❡✲✶ ✷✳✷✹❡✲✶
❚❛❜❧❡ ✶✿ ❚✐♠❡ r❡q✉✐r❡❞ ❢♦r ❞✐✛❡r❡♥t ♦♣❡r❛t✐♦♥s ✐♥ s❡❝♦♥❞s✿ ♠❡❛♥ t✐♠❡ ♦✈❡r s❡✈❡♥ ✈❛❧✉❡s ♦❢ n ♦❢ ♣r❡❝♦♠♣✉✲
t❛t✐♦♥s ❢♦r s❡✈❡♥ t❡r♠s ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ✭♦♥❧② ♦♥❝❡ ❢♦r t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧s✮ ❛♥❞ ❡✈❛❧✉❛t✐♥❣
t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❢♦r ❞✐✛❡r❡♥t ♥✉♠❜❡rs ♦❢ t❡r♠s T ✳
✷✹
❆❝❦♥♦✇❧❡❞❣♠❡♥ts
❚❤❡ ❛✉t❤♦rs ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠ ❋❲❖ ✭❋♦♥❞s ❲❡t❡♥s❝❤❛♣♣❡❧✐❥❦ ❖♥❞❡r③♦❡❦✱ ❘❡✲
s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥ ✲ ❋❧❛♥❞❡rs✱ ❇❡❧❣✐✉♠✮✱ t❤r♦✉❣❤ ❋❲❖ r❡s❡❛r❝❤ ♣r♦❥❡❝ts ●✳✵✻✶✼✳✶✵✱ ●✳✵✻✹✶✳✶✶ ❛♥❞ ●✳❆✵✵✹✳✶✹✳
❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❆❧❢r❡❞♦ ❉❡❛ñ♦✱ ❆r♥♦ ❑✉✐❥❧❛❛rs✱ ❆❧❡① ❚♦✇♥s❡♥❞✱ ❲❛❧t❡r ❱❛♥ ❆ss❝❤❡ ❛♥❞
▼❛r❝✉s ❲❡❜❜ ❢♦r ✉s❡❢✉❧ ❞✐s❝✉ss✐♦♥s ♦♥ t❤❡ t♦♣✐❝ ♦❢ t❤✐s ♣❛♣❡r✳
❆ ❊①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦r t❤❡ ✜rst ❤✐❣❤❡r ♦r❞❡r t❡r♠s
❚❤❡ r❡❝✉rs✐✈❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Rk ❝❛♥ ❣✐✈❡ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ t❡r♠s✱ ❜✉t ✇❡ ♣r♦✈✐❞❡ t❤❡ ✜rst ❢❡✇ t❡r♠s
❡①♣❧✐❝✐t❧② ❤❡r❡ ❢♦r z ♦✉ts✐❞❡ t❤❡ t✇♦ ❞✐s❦s✱ ✐❣♥♦r✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❣❡♥❡r❛❧ ♣♦❧②♥♦♠✐❛❧s✳ ❊①♣r❡ss✐♦♥s ❢♦r
Rleft/right(z) ❝❛♥ str❛✐❣❤t❢♦r✇❛r❞❧② ❜❡ ♦❜t❛✐♥❡❞ ❜② ✐❞❡♥t✐❢②✐♥❣ Routerk (z) ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❞ ✉s✐♥❣ ✭✺✳✷✮
❛♥❞ ✭✺✳✸✮✳ ❲❡ ❤❛✈❡✿
Router(z) = I +
1
n
(
U right1,1
z − 1 +
U right1,2
(z − 1)2 +
U left1,1
z
)
+
1
n2
(
U right2,1
z − 1 +
U right2,2
(z − 1)2 +
U right2,3
(z − 1)3 +
U left2,1
z
)
+
1
n3
(
U right3,1
z − 1 +
U right3,2
(z − 1)2 +
U right3,3
(z − 1)3 +
U right3,4
(z − 1)4 +
U right3,5
(z − 1)5 +
U left3,1
z
+
U left3,2
z2
)
+O
(
1
n4
)
,
✇✐t❤ ❢♦r ❣❡♥❡r❛❧ Q(x)
U left1,1 =
4α2 − 1
24d0
(
1 4−αi
4αi −1
)
,
U right1,1 =
1
243c20
( −3(4α2c0 − c0 − c1) (12α2c0 + 24αc0 + 11c0 − 3c1)4−αi
(12α2c0 − 24αc0 + 11c0 − 3c1)4αi 3(4α2c0 − c0 − c1)
)
,
U right1,2 =
5
243c0
(−1 i4−α
4αi 1
)
,
U left2,1 =
4α2 − 1
273c20d
2
0
(
ø(α) ú(α)4−αi
−ú(−α)4αi ø(−α)
)
,
ø(b) =12b2c0d0 − 24bc20 + 12bc0d0 − c0d0 − 3c1d0,
ú(b) =12b2c20 + 12b
2c0d0 − 24bc20 + 12bc0d0 − 27c20 − c0d0 − 3c1d0,
U right2,1 =
1
2732c40d0
( −3ë(α) á(−α)4−αi
−á(α)4αi −3ë(−α)
)
,
ë(b) =48b4c30 − 48b3c30 − 96b3c0c1d0 − 16b2c30 − 12b2c20c1 + 12bc30
+ 24bc0c1d0 + 144bc
2
1d0 − 120bc0c2d0 + c30 + 3c20c1,
á(b) =144b4c30 + 144b
4c20d0 − 144b3c30 − 384b3c20d0 + 288b3c0c1d0 − 48b2c30 − 36b2c20c1 + 264b2c20d0 − 936b2c0c1d0
+ 36bc30 + 936bc0c1d0 − 432bc21d0 + 360bc0c2d0 + 3c30 + 9c20c1 − 23c20d0 − 282c0c1d0 − 441c21d0 − 360c0c2d0,
U right2,2 =
1
2732c30d0
(
ô(−α) ü(α)4−αi
−ü(−α)4αi ô(α)
)
,
ô(b) =240b3c0d0 − 60b2c20 + 60b2c0d0 − 36bc0d0 − 468bc1d0 + 15c20 − 28c0d0 + 21c1d0,
ü(b) =240b3c0d0 + 60b
2c20 + 780b
2c0d0 + 804bc0d0 − 468bc1d0 − 15c20 + 259c0d0 − 483c1d0,
U right2,3 =
35
2732c20
( −12α− 1 3(α+ 1)41−αi
3(α− 1)4α+1i 12α− 1
)
.
✷✺
❚❤✐s ❛❣r❡❡s ✇✐t❤ r❡s✉❧ts ❜② ❱❛♥❧❡ss❡♥✿ ❬✷✽✱ ✭✹✳✶✶✮❪ ❡q✉❛❧s U right1,1 +U
left
1,1 ❛♥❞ ❬✷✽✱ ✭✹✳✶✷✮❪ ❡q✉❛❧s U
right
1,1 + U
right
1,2
∣∣∣
2,1
✳
❋♦r w(x) = xα exp(−x)✱ ♦♥❡ ❝❛♥ ✉s❡ c0 = 4 = d0✱ c1 = 0 = c2 ❛♥❞ t❤❡ ♥❡①t ❤✐❣❤❡r ♦r❞❡r t❡r♠ ✐s ❣✐✈❡♥ ❜②
U left3,1 =
(4α2 − 1)
21732
(
ß(α) è(α)4−αi
è(−α)4αi −ß(−α)
)
,
ß(b) =288b4 − 960b3 + 444b2 + 768b− 305,
è(b) =768b4 − 1824b3 − 1284b2 + 2712b+ 1153,
U left3,2 =
(4α2 − 1)(4α2 − 9)(4α2 − 25)
2173
( −1 −i4−α
−4αi 1
)
,
U right3,1 =
1
217345
( −ù(α) ä(α)4−αi
ä(−α)4αi ù(−α)
)
,
ù(b) =45(288b4 − 960b3 + 444b2 + 768b− 305)(4α2 − 1),
ä(b) =138240b6 + 51840b5 − 287280b4 − 109440b3 + 103320b2 + 29880b− 11603,
U right3,2 =
1
216345
( −ö(−α) 2i4−αû(α)
2i4αû(−α) ö(α)
)
,
ö(b) =4320b6 − 51840b5 − 64800b4 + 33120b3 + 13590b2 − 5760b+ 389,
û(b) =2160b6 + 56160b5 + 156600b4 + 119520b3 + 20655b2 − 7470b− 1109,
U right3,3 =
1
217345
( −ç(−α) 3i4−αþ(α)
3i4αþ(−α) ç(α)
)
,
ç(b) =226800b4 − 100800b3 + 78120b2 − 19633,
þ(b) =75600b4 + 403200b3 + 626640b2 + 434280b+ 114089,
U right3,4 =
1
21634
( −90090α2 − 12012 1001(90α2 + 180α+ 107)4−αi
1001(90α2 − 180α+ 107)4αi 90090α2 + 12012
)
,
U right3,5 =
5× 7× 11× 13× 17
21734
(−1 i4−α
i4α 1
)
.
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